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ABSTRACT

In this paper, several characterizations for s—closed spaces are obtained using regular
semiclosed sets and some sets having two properties of near openness and near
closedness in the same time. Images of s—closed spaces under some noncontinuous
mappings are investigated. The relations between s—closedness and near compactness,
co-compactness, almost co—compactness, light compactness, mild compactness are

obtained. S—closed subsets relative to a semi—T j—spaces are also discussed.

INTRODUCTION AND PRELIMINARIES

Throughout this paper, X and Y mean topological spaces on which no separation
axioms are defined unless otherwise stated explicitly. X is s—closed Thompson
(1975) if any semi—open cover of X has a finite subfamily, the closures of whose
members cover K. For a subset A € X, A™, A and A° denotes, the closure, the
interior and the complement of A, respectively. An open set A is co-open
( Mashhour and Atia 1974 ), if A™ is open and the complement of a co—open set is
Ic—closed. (Mashhour and Atia 1974). A subset S € X is regular open, R. o,
(reép.o( —open, &% . 0. ( Niastad 1965 ), semi—open, s. 0. (Levine 1963 ), preopen,
p.o. .(Mashhour et. a/ 1982), B-open, B.o. ( Abd ElI-Monsef et al. 1982) if

S=S° (resp. S € S°° S c §°,S8 € 8% S c §°) each of these sets is
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called nearly open. The complement of a R. o. (resp.eX . 0., 5.0, p.0., B.0.) is
called regular closed (resp.eX —closed, semi closed,’preclosed, B-closed ). Each of
these sets is called nearly closed. The symbol RO (X ) (resp.c< O (X ), SO (X),
PO (X)), BO (X)) indicates the family of all R. o. (resp.e%. 0., s. 0., p.0., B.0.)
subsets of X. A subset A of X is regular semi-open, R.s. 0. (Cameron 1983) if
there exists a regular open set U ¢ X such that U A c U". Asubset A of X is
regular semi closed, R, s. c. if there exists a regular closed set F — X such that
F°C A F.X is an extremally disconnected space if the closure of every open
subset of X is open. X is H (i) if any open cover of X has a finite subfamily, the
closures of whose members cover X. X is co—compact if any co-open cover of X
has a finite subcover. X is almost co-compact if any co—open cover of X has a
finite subfamily the closures of whose members cover X. X is lightly compact if any
countable open cover of X has a finite subfamily the closures of whose members
cover X. X is mildly compact if any countable open cover of X has a finite
subfamily the interiors of the closures of whose members cover X. X is a
semi—"l{2 -space ifforeachx,y € X,x % y, there exist U,V € SO (X L,x€ U,
Y€ V such that U" N V™ = @. A function f: X —> Y is semi-continuous
(Levine 1963 ) if f~! (U)e SO (X)) forevery U is open in Y.

CHARACTERIZATIONS FOR S—-CLOSED SPACES

Theorem 2.1. The following statements are equivalent for a space X.
(1) XisS-closed.
(2) For any family { Fi: i €1} of regular semi-closed sets of X for which

. n F. = O, there exist a finte subfamily I ¢ I such that. n F° = 0.
1 € | o 1 € I
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(3) . 2 | B # O, where { Bi :1€ 1 }is a family of regular semi—closed subsets
of X for which. I B° % @ fora finite subfamilyI_of 1.
(] .
(4) . € I Ai # &, where { Ai :1 € 1 }is a family of semiclosed subsets of X for
which 2 A° # O for a finite subfamily I of L.
1 Io . (]
(5). e IR # @, where { R. 1 € 1 }isa family of regular open subsets of X for
which | € IR # @ for a finite subfamllyI of I

(6) For any family { F i € 1} of B-closed and semi-open subsets of X for

n
which L€ Fi = @, there exists a finite subfamily Io of I such that
n
i€ IoFo =0.
(7). F # @&, where { F 1 € 1 }isis a family of B—closed and semi—open

i€ lo
subsets of X for whlchi €1 F° % @ for a finite subfamily I0 of L.
]

(8) Any B-open and e¢ —closed cover of X has a finite subcover.

(9) Any B-open and semi closed cover of X has a finite proximate subcover.

Proof. The pattern of the proof will bel <2 i,i €& {2,3,4,5,6,7,8,9 }.
1 —> 2. Let{ Fii€l } be a regular semi closed family of subsets of X for

) n _ U ¢ c .
whlchiEI F =0, theni€I F; = X. Thus, {F® :ie 1} is a regular

semi—open cover of X which is s—closed, then there exists a finite subfamily Io of 1

such that X = . gIFC'—lgIFoc _(nF°) Hence, 2 IF°—Q

2 —> 1.Let {U. :i € 1} be a regular semi—-open cover of X, then
1
X = U U and n Uc 0. Thus, { U.C :1 € T}is a family of regular semi

closed subsets of X for Wthh Uc = @, then there exists a ﬁmte subfamily I

n

1€I _(€IU)“Q

C\O C\0 _
of I such thati € I°(U )2 9. Smce e Io( U.‘ )
Then, X = n U™ and X is s—closed.

i€ I

. . n U
1 —> 3. Suppose the inverse, i. €. g Bi g, theni €1 B1 X and so,
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{B®:i € I}isa regular semi-open cover of X which is s—closed, then there exists

. : - U c— _ n oc n 01\¢C
a finite subfamily IO of I such that X e I,,BA =.c IoBi (l € B )¢. Thus,

n o « . n
i€ IB = @, a contadiction. Hence, » IB # .

3 => 1. Assume the inverse, i.e., X is not s—closed, then there exists a
regular semi—open cover { U. :1 € I } which does not have any finite proximate

subcover, thus . l€JI U™ # X for any finite subfamily I of I. So, @ #

n -c _ co n c c c
iEIU €_IU C1€_IU (, U.) C(ielUi).Hence,X;é
lé'IU a contraduction. Therefore, XISS closed

1 —> 4. Using Thompson’s definition for s—closedness and by the same
mannerof | €> 3, the result follows.

1 —> 5. Assume the inverse, i.e,, c IR =0, then U R = Xand{ R®
i € 1 }is a regular closed cover of X which is s—closed. So, there exists a finite

subfamily Io of I such that X = . € L (l c

contradiction. Hence, . 2

c - . N _
I Ri) 1mphesi c I"Ri =0, a
R. # @.
)
5 —> 1. Assume the inverse, i.e., X is not s—closed, then there exists a

regular closed cover { U:iel } which does not have any finite subcover. So, for

any finite subfamily I of I, Q I U # X which 1mp11es UC # . then,
12 IUc # O implies De IU # X a contradiction. Hence X1s s—closed.

1 —> 6. Since each B-closed and semi-open set is semi closed ( Abdel
—Mosef et. al 1982 ), the result follows.

1 =—> 7. Obvious.

1 =—> 8. Using the fact that “any B-open and o< —-closed set is regular
closed”, the result is obtained.

1 —> 9.0bvious.
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Theorem 2.2. If X is an s—closed space, then any preopen cover of X has a finite
proximate subcover.

Proof. Let { P:i €l } be a preopen cover of X, then for everyi € I, we have
P c I:'° and so, B” l:'°', thus { P{ :i € 1} is a semi~open cover of X
which is s—closed. Then there exists a finite subfamily Io of T such that
X=; g e

Corollary 2.1. If X is s—closed, then any preclosed family { Pi :i €1} for
which ig I Pi = @ has a finite subfamily {Pi 1€ I0 1, IO c I such that
i 2 Iopi =9

Corollary 2.2. If X is s—closed, then ig . I;.° # O, where { P i €1 }isa
family of preclosed subsets of X for whichi 2 Iﬁo # @ for any finite subfamily Io
of L.

Corollary 2.3. If X is s—closed, then any regular open cover of X has a finite
proximate subcover.

Corollary 2.4. If X is s—closed, then i2 I Ri # @, where { Ri :i € 1 }isany
family of regular closed subsets of X for which i2 I Ri° # @, for any finite
subfamily I_of . °

Corollary 2.5. If X is s—closed, then for any regular closed family { F:i€l }
for which in ; Fi = (J, there exists a finite subfamily I0 of I such t,l\lat
12 IoF °=0.

Remark The authors need a counters example illustrates that the converse of
Theorem 2.2 is not true.

Theorem 2.3 For a space X having the property that the interiors of the members

of any cover of X is also a cover of X, X is s—closed if any preopen cover has a finite

proximate subcover.
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Proof. Let { U i€l } be a semi-open cover of X, then u.c UP~ for each
i€ I So, Ui° c I{°‘° and Ui° € PO(X). Thus, { U;’ :i € 1} is a preopen
cover of X, then there exists a finite subfamily Io of I such that X = iLéJZ I U‘i‘.
o

. o_ - - U -— - _
Slnce,Ul c Ui ,then X = € Ilg and X is s—closed.

3- S-CLOSED SETS RELATIVE TO A SPACE AND S-CLOSED
SUBSPACES.

Theorem 3.1. A semi-closed open subset of an s—closed Space X is an s—closed
subspace of X.

Proof. Follows from Corollary 3.2 in ( Noiri, 1978 ) since every semi—closed and
open set is regular open.

Theorem 3.2. The interior of a semi—open subset A is an s—closed subspace of X
iff A® is s—closed relative to X.

Proof. Follows from Theorem 1.2 in Noiri (1977 ).

Theorem 3.3. The closure of a preopen set A C X is an s—closed subspace of X
if A” is s—closed relative to X.

Proof. Follows from Corollary 3.5 and Theorem 3.5 of Noiri, ( 1978 ) since the
closure of a preopen set is regular closed.

Theorem 3.4. Let a be an s—closed subset relative to a semt sz —space X and
p € X-A, then there exist a semi—-open set V and a closed set U such that
pe€ UUAC VandU NV =@,

Proof. Let a € A, then there exist Ga, Fa € SO(X) such that p € Ga,
a ¢ F_and G; n F;: @ because X is semi—fz. Thus, {Fa ta € Alisa

semi-open cover of A which is s—closed relative to X. Then there exists a family
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"
{F,F,..,F }suchthat Ac U F =W =V,where W= N _F isa
a, a, a, 1=1.1 1= 1 a
semi—open set, since it is the union of semi—open sets. Thus, V< V° is a
semi—open set containing A. Also, for every a, € A,i €{1,2,..,n}, there
exit F,G € SO(X),pe G anda e F suchthat G- 1 F~ = @, then

» al ai " ai " ! 3 ﬂ“ 2
(N GHpn (.U F)H)=8=nNn G N V.PutU=.N G, then U is
itz 1 i= 1 ‘-i i =1 aI

1:1.1

closed set containing pand U N V = @. This complete the proof.

Theorem 3.5. The semi continuous image of an s—closed space X, in which every
semi—open set is preclosed, into a Hausdorff space Y is closed.

Proof. Follows from Theorem 5.2 of Noiri ( 1980).

Definition 3.1. A mapping f: X = Y is M—B-continuous if the inverse
image of each B-open set in Y is B—open in X.

Theorem 3.6. Let f: X = Y be an M-B-continuous mapping from an
s—closed space X, in which every B—open set is semi—closed, into a space Y. Then,
f( X)iss—closed relative to Y.

Proof. To prove that f (X)) is s—closed relative to Y, let { Ui i € I }beacover
of f( X ) by semi—open subsets of X. So, X = . 2 . 1 (ui) and thus { f! (Ui)
1€ 1} is a family of B-open sets of X. Since every B-open set in X is
semi—closed. then { f! (Ui) :1 € 1} is a semi-open cover of X which is
s—closed, then there exists a finite subfamily Io of I such that, X = ig ; (f !
(U)) = ig ERUAES (ig_loui). Therefore, f(X) c % I.Uimc e L
Ui and so, f ( X ) is s—closed relative to Y.

4 - RELATIONS BETWEEN S-CLOSEDNESS AND SOME TYPES OF
COMPACTNESS

Theorem 4.1. Each s—closed space is almost co-compact.

17




Remarks on S-Closed Spaces

Proof. Since each s—closed space is H (i) space Cameron (1983), Thompson
(1975) and each H (i) space is almost co—compact Mashhour and Atia (1974),
then the result follows.

Theorem 4.2 Each extremally disconnected and almost co—compact space is
s—closed.

Proof. Let { Ui (i€ I}bea regular closed of X, then Ui = U{" and from
extrema disconnectedness, we have Ui = Ui°'0 which implies U° = Ui is open for
eachi € 1. Also, Ui-= U = Ui = Ui°‘° = U;’, 1. e., the closure of any open set Ui
is open and hence {Ui :1 € 1} is a co—open cover of X which is almost
co—compact. So, there exists a finite subfamily Io of I such that X = . 2 I U;and X
is s—closed. )

Corollary 4.1. Each extremally disconnected co—compact space is s—closed.

Proof. Obvious since each co-compact space is almost co—compact.

Theorem 4.3. An s—closed space in which every open set is co—open is nearly
compact.

Proof. Let {Ui :i € 1} be an open cover of X, then {Ui i€ 1}isa
semi-open cover of X which is s—closed, then there exists a finite subfamily I0 of I
such that X = i g I°Ui_' Since U-i_is co—open, U, = U™ foreachi € I. Hence X =

U —0 :
el U1 . Thus, X is nearly compact.

Corollary 4.2. An s—closed space in which every open set is co—open is mildly

compact.

We introduce the following diagram for a space X.

18
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Lightly compact = H (i) ————>Almost {()—compac‘t
(4)
Mildly compact Nearly compact «——(3) — S—closed

T (2) (1)

Countably compact €———— Compact ————» Co-compact

The implications 1, 2, 3 and 4 take place under the following conditions.
(1) X is extremely disconnected.
(2) Every open set in X is co-open and semi—closed, or X is regular.
(3) Every open set in X is co—open.

(4) X is extremaly disconnected.
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