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ABSTRACT

A model for the natural history of a progressive discase is developed. The model has three discase states and can be
expressed as the joint distribution of two survival random variables. Covariate information is incorporated into the model
using proportional hazards modcl. The likclihood function is developed with the necessary assumptions.
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1. INTRODUCTION

The model for the natural history of a progressive
discase was introduced in a sct of three papers: Albert,
Gertman, Louis [1] and Albert, Gertman, Louis and Liu
[2] and Louis, Albert and Heghinian [7]. Since Louis is
an author in all three papers, wc will refer to this model
by Louis modcl. This modcl has three discase states:
discasc frce state, preclinical state and clinical state. This
modecl can be expressed as the joint distribution of two
survival random variables X and Y, where X is the time
(age) when the patient entered the preclinical state, and
Y is the sojourn timc in the preclinical state. For
example, in cancer studies, X is the time for tumor onsct
and T = X + Y is the time when the symptoms surface.
In heart discase studies, X could be the time of getting
the first heart attack, and T = X + Y is the time of dcath
of coronary heart discase, or could be the time of getting
the second heart attack. In this model, X and Y are
considered fixed points in a person’s life, and do not
change over time.
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Consider a population of paticnts at a specific time.
Associated with this population is a sct of pairs (X,Y)
values. This sct of pairs has a probability density
dunction denoted by [ (x, y). Notice that allowing X = oo
and Y = oo in Louis model means that f (x,y) is a mixed
density with a Tump of probability at infinity points and
the marginal densitics of X and Y are generally defective
(total probability is less than unity). In this model, f (x,y)
will be asumed continuous (so the lumps at infinity will
have zero probability), by making the assumption that if
the patient lives long enough with no other competing
risks intervening in the natural history of the discase
state model, then the paticnt will enter the preclinical
state and then the clinical state cventually.

2. ASSUMPTIONS

The joint survival function for two nonnegative
random variables (X, Y), given by Clayton and Cuzick
[4]is
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F (X’y) = [ eYAl(X)+ CY/\Z()’) - 1]_ try

Y >0,x>0,y>0, 2.1

where Y is an association paramcter between X and Y,
and Ay and A, arc the cumulative hazard functions for X
and Y respectively. The joint density function of (X, Y)
is

£ (xy) = (Y1) M(x) Agly) erM@ 4 erh20) (D(xyy) T2

(2.2)

where D (x, y) = eVM® 4 e¥A20) _ g

¥>0,x>0,y>0,A; and A, arc the hazard functions as-
sociated with X and Y, respectively.

Consider a random samplc of n obscrvations (X,
Yy, (X3, Y2), ..., (Xp, Yp), of the two random variables
(X, Y) whose joint density function is given by cquation
(2.1). We partition the X axis into intervals Iy, I, ...
and the Y axis into intervals 1y, I, ...

» Im
, In

We will use the assumption of constant bascline
hazards by [3] and [6] (i.c, Ay; (X) = Ry X €]; and Ay
(¥) = W), y €I)) in the ith and j intcrvals respectively.
We model the hazard functions for the kh individual
whose (X,Y) valucs fall in rectangle I; x I;, by assuming
Cox’s proportional hazards modecl holds for cach of X
and Y in each interval J; and Ij respectively, where i = 1,
...,Mand j=1,..., N. The proportional hazards
model will allow us to include covariates in the model in
order to study the effects of the covariates on X and Y.
We assume that the vector of covariales
p-dimensional and the same for both X and Y.
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Thus the hazard functions A, and A, in the it and jtb
intervals for the k' individual whose observed (X,Y)
value is (xy, yi) are defined as

A (X)) = ie® &, xk€l; = (a;, a1 ],

Azj (Y1) = Mo P %, y eIj= (b, by ],

(2.3)
(2.4)

where Iy = (ay, am)s 21 = 0, anyy = 0, Iy = (bx, bauil,
b1 = 0, bys1 = 9,y is the bascline hazard for X in I; , i
=1,2,...,Mand py; is the baseline hazard for Y in L, j
=1,2,...,N. Note that the yy; ’s and Myj 'S arc un-
known parameters to be estimated. 7, is the value of z
for the kth individual. a” = (a;, a3, . ., a) are the co-
efficients associated with z for the failure time X, and B°
= (B1, B2, .. Bp) are the cocfficients associated with z
for the failure time Y.We will assumc that the regression
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parameters o and B for the covariates z are constant (the
same) for all intervals.

Alfter we divide the first quadrant of XY-Plane into
rectangles, then cach individual observed values x, ¥)
will fall in onc and only one rectangle.

We nced to compute the cumulative hazard functions
At (x) and Aj; (y) associated with X and Y. First, we
calculate the cumulative hazard function for the Kb
individual whose X value falls in the i intcrval

(assuming constant hazard over each interval) as follows.

xk xk
Agxd =[ 1@ du = [a @ du + o+ [, @ du s[4, @) o
0 i i, 2

1

XKk
= Jp“ e* 7k du + ... +J- M, €% du +J My; € 7du
I k-1 aj

i-1
= [ Zulr (@rs1-ac) g (Xk‘ai)] e 2.5)
r=1 *
Similarly, the cumulative hazard function A, (y) for
the k™ individual whose Y value, say ¥, in the jth
interval is

i1
Ay = [lezr (®ry-b)) +l12j()’k'bj)] = . (2.6)
r=1

where (byy — by) is the length of the rh interval..

3. LIKELIHOOD FUNCTION

In this scction we will build the likelihood function
when the failure times of interest (X, T), instcad of (X,
Y). Practically speaking, it is more advantageous to deal
with the joint distribution of (X, T), where T =X + Y,
rather than the distribution of (X,Y). The progressive
discasc model (P.D.M) has two nonnegative failure time
random variables (X, T), with X £ T. To write the
likelihood function when (X, T) are the observed
variables, we cannot apply Clayton and Cuzick joint
density function in this case, since X < T. To apply the
Clayton and Cuzick formula we model it for (X, Y) first,
where X >0 and Y > 0, as we have done earlier and then
we make the transformation X =X and T=X + Y, to get
the joint density function g (x, t) of (X,T) (the Jacobian
is1)as
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g(xa[) = f(X,t-X)

=(Y+1) A’l (X) M([-X)C’Y[Al(x)‘f/\z (l-X)] D -1-2) , (3'1)
i1
A2j(tk-xk)=[ zuh(b r+1 'br) +l~l2j (tk' Xk -l?')] LA

v>0,0<x <t, A and A; the hazard functions for X and
(T = X) and A (x) and A, (t — x) arc the cumulative
hazard functions for X and (T - X) respectively.

- To write the likelihood function, we assume that we
have n observations (X;, T)), (X5, Ty), ..., (X,,, T,) of
the two random variables (X,T) whose density function
g (x, t - x) is given above. The contribution to the
likelihood function for the k™ individual whose (X,T)
valucs falls in the I; x I, rectangle (then T - X will fall
in some interval, say j, j £ m) as

M N
f(xk,tk-)g()zzl '21 £ (o k- R TLCx - x) e x T ]
=1 5

N

= &+ Hi €

i=l j=1

- Dige (i e %) DT (3, - %) T x I 1,

=2

@+ By VAL (k) o YAZj (k- %)

Il
—

3.2)

where
By e - 10 = (Y +1) ity B2k o TIAII 0+ tk-0) py-117-2
D=¢ YA o YAZCK- _ 1

Let nj; = the number of individuals whose (xy,tk— Xi)
€ I; xIjthen

Mx
M=

I
—

n.=n. (3.3)

._.
1
—

J

Then the overall likclihood for the n individuals is

L (a,B, 7,11y, xt) H £ (Xt - Xg)
y k=1 (3.4)

= H [ Z EN: fij(Xk,lk-Xk)l[(Xk,tk "&)SIiXIJ‘]] )

k=1 =l j=1

The log-likelihood becomes
n M N
]ogL=;log[ z Z GG be- % TT (X ty - xp) elix 1] ] .

=T =l

3.5)
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If for example, the k' individual observed values (X )
fall in rectangle I; x Ij then (xy, tx — xg) fall in L x I),
then the likelihood contribution for the k' individual
simplilies to fj; (xk, ty — Xg), i.€

M N
f(xk’[k-)&)zz Z fij(xk’tk-)&)l[(Xk'tk'xk)EIiXIj]
i=l j=1
= fl] (Xk'[k - )&() = ('Y +1) pli “ZJ e o + Pz eyj\li xg)

e Ygjltc -0 p, LD 3.6)

where Dy (%, £, - %) = ¢ VAR 4o VA% k0

Therefore

logL:Z log fy1(xy- tk-xk)+2 log fip(xe- 4 - X)) + ..

keR11 keRy12
+ 2 log fi (Xt -%) + .t Z log fn (K-t - %)
kRyy keRmN
M N

=2 Z 2 log fi; (Xe-t - %) » 3.7

i=1  j=1  keRy)
where R;; is the set of indices for those (X, T-X)s’ in
rcctangle I; x I Substituting for fij (x¢, t—xk) in the
above cquation, we get.

M N
logL=2 > (nylogl(v+1) muyl+ Y, [@+B)a

i=l  j=1 keRj

YA 090+ Agy (4 - %) T+ (1A -2) Tog Dy, (X, - %) | ) ,

(3.8)

The above likeelihood function coincides with the
likelithood function derived by Oakes in [8], where he
considcred the special case of Clayton and Cuzick
bivariate survival function when A; (x) = A, (X) = x.
This likelihood function coincides also with the
likclihood function derived by [4].

This function can be maximized with respect to the
paramecter vector

0= (s Mobbg g voee s HinpHa1s wovs HoNs Oigy oee 5 Oy BroeessBp),

where p is the number of covariates and

dim (8) = N+ M+2p+1.

289




LIKELIIIOOD FUNCTION FOR A PROGRESSIVE DISEASE MODEL

REFERENCES

{1] Albert, A., P.M. Gertman, and T.A. Louis, 1978.
Screening for the carly detection of cancer 1. The
temporal natural history of a progressive discase
state, Mathematical Biosciences 40, 1-59,

[2] Albert, A., P.M. Gertman, and T.A. Louis, and S.
Liu, 1978. Scrccning for the carly detection of
Cancer II. The impact of scrcening on natural
history of the discasc. Mathematical Biosciences 40,
61-109.

[3] Chiang, Y.K., R. J. Hardy, C.M. Hawkins, and
A.S. Kapadia, 1989. An illncss-dcath process with
timedependent covariates. Biometrics 45, 669-681.

[4] Clayton, D.G. and J. Cuzick, 1985. Multivariate
gencralizations of proportional hazards modcl. J.R.
Statistical Society Series A, 82-117.

290

[5] Cox, D.R., 1972. Regression models and life- tables
(with discussion). J.R. Statistical Society Series. B

34. 187-220.

[6] Holford, T. R., 1976. Life tables with concomitant

information, Biometrics 32, 587-598.

[7] Louis, T.A., Arthur, A., and Heghinian, S., 1978.
Screening for the carly detection of Cancer III.
Estimation of discase natural history. Mathematical

Biosciences 40, 111-144,

[8] Oakes, D., 1982. A model for association inbivar-
iate survival data. J.R. Statistical Society Series B 44,

412-422.




