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A B S T R A C T   

This paper proposes a novel application for the optimal Linear Quadratic Gaussian (LQG) servo controller to 
enable a proper coordination of the AC/HVDC interconnected system with Virtual Synchronous Power (VSP) 
based inertia emulation. Particularly, the proposed control design takes the process disturbances and measure-
ment noise of the studied VSP-HVDC system into account, while few studies have focused on this perspective. 
The proposed LQG controller with modifications is designed by means of a combination of Kalman Filter (state 
estimator) and an added Linear Quadratic Integrator (LQI) to observe the system model’s states and track the 
reference commands while rejecting the effects of system noise. Besides, we utilize a swarm-based optimization 
algorithm to operate as the search process for the tuning of the elements in the weighting matrices involved in 
the controller design. The role of the proposed optimal LQG controller is to stabilize such AC/DC interconnected 
system with VSP-based inertia emulator while minimizing the associated performance index. According to the 
obtained simulation results, in addition to the advancement from the VSP-based approach for damping frequency 
oscillations excited by faults, application of the proposed LQG servo controller can achieve the targets on both 
estimating the state variables and tracking the reference signals with satisfactory performance, comparing with 
the conventional LQG regulator.   

1. Introduction 

Frequency control considering different approaches for enhancing its 
dynamic performance is the key to stability of modern power systems 
with low inertia [1–3]. Such systems are the results of phase out of 
conventional power plants, high penetration of renewable generations 
and increasing application of power electronic-based components [4–7]. 
The frequency response is much faster in these systems with low inertia, 
which makes the task of frequency control and system operation more 
challenging. Thus, considering the intermitted behavior in these 
renewable generation based systems, it is of utmost importance to 
develop an additional supplementary control loop for facilitating the 
fast frequency response capabilities of the power electronic-based gen-
eration units. 

The recent research work has focused on synthetic inertia emulation 
and virtual synchronous generator (VSG) based strategies [8,9]. In 
general, virtual inertia emulation can be accomplished by using an 
advanced controller within the outer loop control of power converters. A 

short-term source of energy from the energy storage module is needed to 
enable an effective inertia emulation task. In this regard, many research 
activities have been carried out to propose different methods for 
mimicking the behavior of synchronous machines in the control loops of 
power converters [10–13]. According to these research reports, different 
methodologies are used to coordinate the power references of the elec-
tronic converters to provide synthetic inertia to the system. Using de-
rivative control for emulating virtual inertia in HVDC-based systems is 
one of the major approaches at the system level [14–16]. To be noted, in 
most of the derivative and droop based approaches, the input signal for 
the inertia emulator is the frequency deviation. Usually, this inertia 
emulation approach based on the derivative term of the frequency is 
very sensitive to the noise of frequency measurements. Therefore, the 
confidence of these measurements has to be ensured in those methods. 
To overcome that, recent work has deployed techniques such as the 
Phase-Locked Loop (PLL) for a proper estimation of the measurement 
signals [17]. However, any amplified noise caused by frequency devia-
tion measurements could still bring instability problems to the system. 
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This limitation can be even more problematic especially in the unsym-
metrical systems or the system under abnormal faults. 

Therefore, to explore better approaches of providing virtual inertia 
without the limitation of frequency signal measurements, our work in 
[18] proposed an alternative controller based on the VSP concept 
through the converter stations on the HVDC links in a multi-area AC/DC 
interconnected system. The dynamic effects of this virtual inertia 
emulation on system frequency dynamics are reflected in the multi-area 
automatic generation control (AGC) model. This control strategy has 
developed a new method for power converter control, behaving as a 
synchronous generator with the ability of virtual inertia emulation while 
the drawbacks of conventional generators are avoided [19]. Besides, 
from the main control loop of the VSP approach, we can derive a second- 
order characterization, which makes it possible to affect the system 
dynamics with both damping and inertia emulation concurrently for 
frequency control improvements. 

Till now, we see that research work has been conducted on different 
virtual inertial emulation methods. However, to the best of our knowl-
edge, in none of them a systematic advanced controller for suppressing 
the overall performance of the AC/DC system with VSP functionalities 
has been proposed. Besides, in the VSP approach for inertia emulation, 
to be more close to reality, one still needs to consider the presence noise 
in the system process and measurements and its effects on the system 
frequency dynamics. Therefore, significant research efforts are still 
needed to develop a suitable control approach which can provide better 
dynamics with proper coordination between the VSP station and the rest 
of the AC/DC system where there exist possible process disturbances and 
measurement noise. 

In this paper, we aim to close this gap by proposing a new control 
strategy for the AC/DC interconnected system with VSP capabilities. The 
main objectives for modeling and controlling of this type of system are: 
(i) rejecting possible disturbances and noise which could appear in the 
practice of the VSP-HVDC system and affect system stability, while few 
studies have focused on this perspective; (ii) defining a suitable model 
with a global feedback law to enable a proper coordination between the 
VSP station and the rest of the AC/DC system for a stabilization and 
dynamic improvement of system dynamics. Therefore, to achieve these 
targets, the design of an optimal regulator for a novel application on the 
AC/DC interconnected system with VSP-based inertia emulation will be 
proposed. Linear quadratic regulator (LQR) could be a good option for 
this type of control applications [20]. However, the LQR law is based on 
the availability of full state variables which may not be completely 
measurable in most of the real-world situations. To overcome that, a 
Linear Quadratic Gaussian (LQG) servo controller is developed in this 
paper, using a Kalman Filter to estimate the full state vector of the VSP- 
HVDC system. Additionally, the conventional LQG regulator has no 
external input reference to track and still needs to be updated in a way 

that the outputs (e.g., the frequency deviations) of the VSP-HVDC sys-
tem converge to zero after contingencies. Thus we need a proper 
tracking of an introduced input command especially in the scenario 
where the system contains noise. Such noise might still lead to instability 
problems in the task of frequency control enabled by VSP for inertia 
emulation. To resolve this tracking issue, in this paper, a modification of 
the aforementioned LQG servo controller has been performed by 
incorporating the Kalman Filter (state estimator) with a Linear 
Quadratic Integrator (LQI). The LQI acts as a suitable full state feedback 
compensator and has the capability of increasing tracking error reduc-
tion for the global system, by rejecting the process and measurement 
noise. 

To conclude, the contributions of this paper are reflected through the 
following aspects: (i) To the best of the authors’ knowledge, it is the first 
study on proposing control strategy for the overall VSP-based AC/DC 
system, and a global feedback law enabling a proper coordination be-
tween the VSP station and the rest of the AC/DC system is proposed 
based on the concept of LQG; (ii) The LQG controller is modified to 
adapt to achieve the control goals on state estimation and reference 
tracking through a Kalman Filter and an added LQI module. Then the 
existence of noise in the studied VSP-HVDC system can be considered; 
(iii) Instead of using the typical trial-and-error method which is not 
effortless, we utilize a swarm-based optimization algorithm to operate as 
the search process for the tuning of the elements in the weighting 
matrices involved in the controller design. 

In addition to the proposed LQG servo control structure, the effec-
tiveness of the developed approach is also validated on a two-area VSP- 
based AC/DC system under abnormal faults and noise. The obtained 
simulation results from the proposed LQG servo controller illustrate that 
the VSP strategy can be effective in damping frequency oscillations 
excited by faults, and the proposed LQG controller can achieve the 
targets on both state estimation and reference tracking. 

The outline of this paper is as follows. Section 2 presents the math-
ematical representation of the VSP-HVDC model, i.e., the two-area 
system with parallel AC/HVDC links and VSP capabilities. Our pro-
posed LQG control structure and its design process is detailed explained 
in Section 3. Numerical results and discussions are reported in Sections 4 
and the conclusion is draw in Section 5. 

2. VSP-based AC/DC interconnected system 

In this section, the VSP approach for inertia emulation through the 
converter stations of the HVDC links in a multi-area AC/DC inter-
connected system will be presented. 

Fig. 1. The diagram of a two-area AC/DC interconnected system with VSP on the HVDC link.  
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2.1. Dynamic model of the VSP facilitated system 

We deploy a high-level control architecture to simulate and analyse 
the frequency behavior of the multi-area system with parallel AC/HVDC 
lines and VSP capabilities. In general, the VSP approach is based on the 
control of voltage source converters through an active power synchro-
nization loop and a virtual admittance [21]. After an analysis on the 
electromechanical model of the VSP, the dynamic relationship between 
input and output power of each converter station could be expressed as a 
second-order transfer function. Then, a characteristic equation of the 
VSP dynamic model can be derived for this second-order system, 
namely, 

ÿ+ 2ζωnẏ+ω2
ny = ω2

nur, (1)  

where ζ is the damping factor and ωn is the natural frequency. The input 
signal, ur, is the reference DC power that is related to other states of the 
global multi-area system. The output signal consists of two states vari-
ables, 

ΔYvsp =

[
ΔX1,vsp
ΔX2,vsp

]

. (2)  

where ΔX1,vsp is the emulated power and ΔX2,vsp denotes the derivative 
term of this power for each VSP. The unit of ΔX1,vsp is in terms of 
Megawatt (MW). Based on the classic control concepts, this second- 
order system could be represented by a set of two linear state equa-
tions. Then this control process can be expressed as 
[

ΔẊ1,vsp ΔẊ2,vsp

]

=

[
0 1

− ω2
n − 2ζωn

][
ΔX1,vsp
ΔX2,vsp

]

+

[
0

− ω2
n

]

ΔU, (3)  

where ΔU denotes the input signal of the DC power reference (ΔPdc,ref ) 
that is generated by other control signals; it will be detailed in what 
follows. Let us consider a two-area AC/DC interconnected system with 
Area i and Area k in Fig. 1. We can see that a VSP-based HVDC link is 
implemented between controlled areas. As the HVDC link is located 
between these two areas, the frequency deviation of each area is the 
most suitable control signal for ΔU. In case of parallel AC/DC lines, the 
AC tie-line power deviation could be used as another control signal to 
achieve suitable coordination between these two lines. Thus we have 

ΔU = Kfi,vspΔωi +Kfk,vspΔωk +KacΔPac,ik, (4)  

where Kfi,vsp,Kfk,vsp and Kac are the proportional coefficients for the fre-
quency deviations Δωi,Δωk and AC power flow deviations ΔPac,ik of 
these two areas, respectively. From the above description, it becomes 
clear that in Fig. 1, the signals of frequency deviations (Δωi,Δωi) in both 
areas and AC power deviation (ΔPac,ik) are used to form the input signal 
ΔU of DC power reference in the power modulation center, with asso-
ciated proportional coefficients in (4). Then the injected DC power de-
viations (ΔX1,vspi,ΔX1,vspk) on the HVDC line can be generated for both 
areas in the two-area system, using the second-order system expression 
in (3). 

The state-space presentation in (3) will be part of the global model 
for the frequency dynamics of the two-area interconnected AC/DC sys-
tem with VSP-based inertia emulation. For the frequency regulation, 
typically a low-order linearized model could be used to describe the 
load-generation dynamic behavior, namely the Automatic Generation 
Control (AGC) model. Thus to study the small signal modeling and 
stability of the high-level control structure, we can describe the fre-
quency dynamics of these two AC/DC interconnected areas with a VSP- 
based HVDC link in the Laplace domain as the following equations, 

Δωi =
Kpi

1 + sTpi

[
ΔPmi − ΔPli − ΔPac,i − ΔX1,vspi

]
, (5)  

Δωk =
Kpk

1 + sTpk

[
ΔPmk − ΔPlk − ΔPac,k + ΔX1,vspk

]
, (6)  

where ΔPmi,ΔPmk denote the total active power from all generation units 
(GENs) within Area i and Area k, separately. Taking the Area i as an 
instance, one can have ΔPmi =

∑Gi
g=1ΔPmi,g where Gi denotes the number 

of participated GENs, Kpi is the system gain and Tpi is the system time 
constant. The load variation is mentioned by ΔPli and ΔPac,i is the AC 
power flow deviation for Area i. These variables can be further described 
by 

ΔPmi,g =
1

1 + sTch,ig

[
Δωi

Rig × 2π − ϕigΔPagc,i

]

, (7)  

ΔPac,i =
Tik

s
[Δωi − Δωk], ΔPac,k = − ΔPac,i. (8)  

In the equations above, Rig denotes the droop of each generation unit in 
Area i,Tch,ig is the overall time constant of the turbine-governor model, 
ΔPagc,i is the output signal from the secondary frequency control of AGC 
in Area i for power reference of each generation unit, and ϕig is its area 
participating factor in the AGC operation (the summation of ϕig in Area i 
would be equal to one), Tik denotes the power coefficient of the AC line 
between Area i and k. The part of AGC control calculates the Area 
Control Error (ACE) of Area i. Now the ACE signal in the two-area system 
with the parallel AC/DC links needs to be adapted to contain the fre-
quency deviations of that area and both AC/DC power flow deviations, 
and acts as the input for an integral control action, 

ACEi = βiΔωi + [ΔPac,i +ΔX1,vspi], (9)  

ACEk = βkΔωk + [ΔPac,k − ΔX1,vspk], (10)  

ΔPagc,i = Kai
ACEi

s
, (11)  

ΔPagc,k = Kak
ACEk

s
, (12)  

where βi and βk denote the frequency bias in Area i and Area k, 
respectively, Kai and Kak represent the integral gain of the AGC con-
trollers in these two areas. 

In (5) and (6), the parts ΔX1,vspi and ΔX1,vspk denote the total output of 
the VSP-based HVDC link transmitted power. Thus for this one VSP 
station on the HVDC line in the two-area system, the following equations 
can be further derived from (3), 

ΔX1,vspi = sΔX2,vspi, (13)  

sΔX2,vspi =

[
Kfi,vspω2

ni

2π

]

Δωi +

[
Kfk,vspω2

ni

2π

]

Δωk

+[Kac,vspω2
ni]ΔPac,ik − ω2

niΔX1,vspi

− 2ζiωniΔX2,vspi,

(14)  

ΔX1,vspk = sΔX2,vspk, (15)  

sΔX2,vspk =

[
Kfi,vspω2

nk

2π

]

Δωi +

[
Kfk,vspω2

nk

2π

]

Δωk

+[Kac,vspω2
nk]ΔPac,ik − ω2

nkΔX1,vspk

− 2ζkωnkΔX2,vspk.

(16) 

To be noted, we use the AC tie-line power flow deviation as a control 
signal in the above explanation for the VSP-based DC link in order to 
achieve suitable coordination between these two lines; see (4). The co-
ordinated AC line can be a parallel or any close line to the DC link. If 

E. Rakhshani et al.                                                                                                                                                                                                                             



International Journal of Electrical Power and Energy Systems 129 (2021) 106752

4

there is just one DC link without a parallel AC line, this feedback signal 
will be zero and the rest of the model for the VSP-HVDC system will be 
the same. Besides, the model descriptions of this section can be gener-
alized for a multi-area system with multiple VSP-based HVDC links [18]. 

Till this end, we can have a global linearized mathematical repre-
sentation for the two-area AC/DC interconnected system with VSP- 
based inertia emulation, without considering the disturbances and 
noise, i.e., the VSP-HVDC model in the noiseless setting, 
{

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t), (17)  

where x ∈ Rn
x represents the vector of all state variables. In this model, 

there would be thirteen state variables (nx = 13) such that 

x =
[
Δω1 Δω2 ΔPm1,1 ΔPm1,2 ΔPm2,1 ΔPm2,2

ΔPagc,1 ΔPagc,2 ΔPac,12 ΔX1,vsp1 ΔX2,vsp1

ΔX1,vsp2 ΔX2,vsp2
]⊤
.

(18)  

Note that ΔX1,vsp1,ΔX2,vsp1, ΔX1,vsp2,ΔX2,vsp2 are the four state variables 
of the two synchronous controllers for the VSP-based HVDC link. For the 
normal AC system without HVDC links, there would be no these states. 
In (17), the control inputs denoted by u ∈ Rn

u are load variations in each 
area (nu = 2); the measurable system outputs of y ∈ Rn

y consist of fre-
quencies in both areas (ny = 2), i.e., 

u = [ΔPl1 ΔPl2]
⊤
, y = [Δω1 Δω2]

⊤
. (19)  

In addition, A is the state matrix, B is the control input gain matrix that 
relates the inputs to the system states, C is the output matrix, and all 
these matrices are with appropriate dimensions. The formulations of 
these matrices can be inferred from (5)–(16); here we omit the details. 
As we can see, the dynamic model (17) of the studied system with AC/ 
DC interconnections and VSP-based inertia emulation can be repre-
sented as an multi-input multi-output (MIMO) system. Then the two 
inputs of load variations and the two outputs of frequencies from both 
areas in such MIMO system can be described by, 
[

y1(s)
y2(s)

]

=

[
G11(s) G12(s)
G21(s) G22(s)

][
u1(s)
u2(s)

]

, (20)  

Gvsp(s) :=
[

G11(s) G12(s)
G21(s) G22(s)

]

. (21)  

For implementation, from (21), Gvsp(s) is applied as a MIMO transfer 
function in Laplace domain. 

The frequency dynamics model in the form of (17) for the VSP-based 
AC/DC interconnected system has not considered process disturbances 
and measurement noise yet. In fact, the noise would still affect the 
implementations of the VSP-based virtual inertia emulation. Besides, as 
mentioned earlier, a control strategy is desired to enable better coordi-
nation between VSP stations and the rest of the AC/DC system in the 
presence of noise. Linear quadratic type of controller could be a good 
option for that purpose. One can consider Fig. 2 where we show the 
MIMO model for the VSP-HVDC system and a conventional LQG regu-
lator to be designed. Both process disturbances and measurement noise 
are added in the studied system. As shown in Fig. 2, by combination 
control laws which are obtained from the noisy system and a Kalman 
Filter, the design process will be completed for a LQG regulator that is 
able to reject noise but has no external reference input to track. On the 
other hand, as a conventional regulation controller, the presented LQG 
structure in Fig. 2 still needs to be updated in a way that the output (y of 
frequency deviations) of the closed-loop VSP-HVDC system converges to 
zero after contingencies. In the following of Section 3, a modified LQG 
servo controller using an LQI tracker is proposed and designed. We 
introduce a reference signal such that the deviation of the output from 
the reference, which is called the tracking error, will then converge to 
zero. Notably in this end, Fig. 2 is presented also for achieving a common 
viewpoint and for a better understanding the relationship between the 
studied system and the controller to be designed: the MIMO model of 
VSP-HVDC system is described in Section 2, and the modified LQG 
controller is proposed in Section 3. 

3. Proposed linear quadratic strategy in the presence of noise 

To continue with Section 2, this section proposes our modified LQG 
servo controller design, based on a combination of a Kalman Filter and 
an LQI, for a new control strategy of the VSP-based AC/DC inter-
connected system. The main goal of the developed LQG controller is 
stabilization and dynamic improvement of the system under noise, by 
minimizing the magnitude of its associated performance index. In this 
section, we show how our proposed control strategy adapts to achieve 
the control goals: we start from the details of the conventional LQG 
regulator mentioned in Section 2 and move to the proposed LQG servo 
controller design, and further present a swarm–based algorithm to find 
the optimized values of the elements in the weighting matrices of the 
proposed controller. 

3.1. Conventional LQG regulator 

The LQG design problem is rooted in the optimal stochastic control 
theory and has many real-world applications. The LQG controllers are 
built for uncertain linear systems disturbed by additive white Gaussian 
noise and equipped with incomplete state information. It combines both 
concepts of Liner Quadratic Regulators (LQR) for full state feedback and 
Kalman Filter for state estimation. Considering the additive terms of 
disturbances and noise in practice, the state-space model of the VSP- 
HVDC system presented in (17) can be extended to the following 
equation in the noisy setting, 
{

ẋ(t) = Ax(t) + Bu(t) + Gw(t),
y(t) = Cx(t) + v(t), (22)  

where w ∈ Rn
w and v ∈ Rn

v denote the stochastic disturbances and noise 
associated with the system process and the measurements, respectively. 
The matrix G (plant noise gain matrix) is also constant with an appro-
priate dimension in the LTI (linear time-invariant) system. In this paper, 
we say that w and v are independent (uncorrelated) white Gaussian 
noises, satisfying, 

Fig. 2. Conventional structure of a LQG servo controller for the VSP-HVDC 
system considering noise. 
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E(w) = E(v) = 0, E(ww⊤) = W, E(vv⊤) = V. (23)  

As mentioned earlier, by attention to (23), w and v are assumed to be 
white Gaussian noise with zero means. Besides, they have covariance 
matrices of W and V. It is assumed that w and v are uncorrelated in order 
to simply many expressions and derivations. 

In real-world control design problems, it is rarely possible to have 
access to all of the system states which are needed for full state feedback. 
Instead, it is only possible to access some specific measurable system 
outputs. If these measurements carry enough information about the 
system states, then a state observer using Kalman Filter could be 
implemented to estimate all the system states. The Kalman Filter (state 
estimator) is a mathematical powerful tool that implements a pre-
dictor–corrector type estimator. This observer is capable of rejecting 
system process disturbances and measurement noise by acting as a low- 
pass filter. The main inputs to the Kalman state estimator are the control 
input u and the system output y in (22). Then, the state-space equations 
of the Kalman state estimator can be described by 
{

˙̂x(t) = (A − Ke)x̂(t) + Bu(t) + Key(t),
ŷ(t) = Cx̂(t),

(24)  

where x̂ and ŷ are the estimated states and outputs, Ke is the Kalman 
Filter gain. It should be mentioned that the matrices A,B and C in (24) 
are the same as the ones in the system model (22). By a simplification of 
(24), we can achieve the following dynamic form for the Kalman esti-
mator as well, 

˙̂x(t) = Ax̂(t)+Bu(t)+Ke(y(t) − ŷ(t)). (25) 

In Fig. 2, the conventional structure of a LQG regulator for the VSP- 
HVDC system represented by an MIMO model has been depicted. We can 
see that a typical LQG controller is formed by connecting the system and 
the Kalman Filter through the optimal state estimation gain Ke. Then it 
creates full state feedback by using the estimated states x̂ which would 
pass through the optimal feedback gain K. Because of the stochastic 
separation principle, the previously mentioned gains could be designed 
individually [22]. 

The conventional design process of a LQG controller starts with the 
calculation of the optimal state estimation gain Ke, which will be illus-
trated in (26). Here Pe is a positive semi-definite matrix and the unique 
solution of the filter algebraic Riccati equation [23]. This solution en-
sures a minimum value of the performance index Je for the steady-state 
error covariance as noted in (26). 
⎧
⎪⎨

⎪⎩

Je = lim
t→∞

E((x − x̂)(x − x̂)⊤),
APe + PeA⊤ + GWG⊤ − PeC⊤V− 1CPe = 0,
Ke = PeC⊤V− 1.

(26)  

Besides, in the above description, to be mentioned, W and V introduced 
in (23) are symmetric positive definite matrices. 

Next, the design of a typical LQG controller continues to compute the 
optimal state feedback gain K, for which the state feedback law mini-
mizes the quadratic cost function Jk which is described in the following 
Eq. (27). The resulted solution Pk is a positive semi-definite matrix and 
the solution of the control algebraic Riccati equation. Similarly, this 
solution ensures a minimum value of the performance index Jk in the 
quadratic form. 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Jk = lim
T→∞

(∫ T

0
(x⊤Qkx + u⊤Rku)dt

)

,

A⊤Pk + PkA + Qk − PkBR− 1B⊤Pk = 0,
K = R− 1

k B⊤Pk.

(27)  

Unlike the filter algebraic Riccati equation in (26) which only requires 
noise covariance matrices W and V, we can see that the control algebraic 
Riccati equation in (27) requires two weighting matrices:  

(i) Qk will be a symmetric positive semi-definite matrix;  
(ii) Rk will be a symmetric positive definite matrix. 

These weighting matrices provide a means to trade off two opposing 
objectives: regulation performance and control effort. Normally, they 
could be selected based on the trial-and-error approach. After the 
calculation of the optimal gains, the overall closed-loop system could be 
created by augmenting the noisy VSP-HVDC system with the Kalman 
Filter, resulting in the system model as illustrated in Fig. 2. 

3.2. The proposed LQG servo controller using LQI tracker 

In Section 3.1, a conventional LQG controller is designed by using the 
optimal state estimator (Kalman Filter) and the full state feedback 
strategy. In this section, in order to ensure an appropriate reference 
signal pursuit on the control system, we add an integrator with a sepa-
rate gain to the proposed LQG control. The structure of the developed 
LQG controller achieved by an LQI is shown in Fig. 3. 

For the proposed LQG controller, the Kalman Filter gain matrix can 
be obtained using the same approach in (26) which is initially for the 
conventional LQG, while the optimal feedback gain has been modified 
that it is now defined by matrices Ki and Kf . To include the dynamics of 
the integral action into the state-space Eq. (22) and calculate the 
matrices Ki and Kf for the optimal gain, the tracking error named z is 
added as shown in Fig. 3, and is be defined by 

ż(t) = r(t) − y(t), (28)  

where r is the reference signal (note that in the conventional LQG of 
Fig. 2, there is no such reference signal to track) and ż before the integral 
action represents the difference between the measured system output 
and the reference command. To conclude here, the proposed LQG 
controller mainly contains a Kalman Filter for full state estimation and 
an LQI for reference tracking, as shown in Fig. 3. For the Kalman Filter, 
we can see from Eqs. (24) and (25) that the inputs to Kalman Filter are y 
and u of the VSP-HVDC system, i.e., the measurements of frequency 
deviations and the load variations inputs to the system; the outputs of 
the Kalman Filter are the estimated state variables ̂x. For the LQI tracker, 
its inputs are y and the reference signal r, while its outputs together with 
the outputs of the Kalman Filter are associated with respective gains to 
be returned to the system; we provide the details of the controller design 
in the following. Firstly, by replacing y(t) with the expression in (22), we 
can further obtain the following equation, 

ż(t) = r(t) − Cx(t) − v(t). (29) 

Therefore, to study the dynamic behavior of the whole closed-loop 

Fig. 3. Modified LQI scheme for the LQG servo controller.  
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system, one can argument the state of the plant in (22) together with z(⋅), 
yielding, 
⎧
⎪⎪⎨

⎪⎪⎩

[

ẋ (t)ż(t)
]

= Az

[
x(t)
z(t)

]

+ Bz

[
u(t)
r(t)

]

+

[
G 0
0 − I

][
w(t)
v(t)

]

,

y(t) = Cz

[
x(t)
z(t)

]

+ [ 0 I ]
[

w(t)
v(t)

]

,

(30)  

where the involved matrices can be expressed as 

Az =

[
A(nx×nx) 0(nx×ny)

− C(ny×nx) 0(ny×ny)

]

,

Bz =

[
B(nx×nu) 0(nx×ny)

0(ny×nu) I(ny×ny)

]

,

Cz =
[

C(ny×nx) 0(ny×ny)

]
.

Recall that nx, ny and nu denote the numbers of VSP-HVDC system states, 
measured outputs and input variables of load changes, and nx = 13, ny =

2 and nu = 2 in the VSP-HVDC model, according to Section 2. Besides, 
we can also have 

u(t) = Kiz(t) − Kf x̂(t) = [ − Kf Ki ]

[
x̂(t)
z(t)

]

. (31)  

Then, by attention to the preceding and the difference between Figs. 2 
and 3, the optimal state-feedback matrix in the proposed LQG controller 
by an LQI in Fig. 3 will include two separated parts as follows: K =
[
− Kf Ki

]
. With a similar treatment, this optimal state-feedback matrix 

can be computed from (27) by replacing the matrices A and B with Az 
and Bz, respectively. 

In the typical LQG design, one needs to test with different weighting 
matrices (i.e., Qk and Rk in (27)) so that the performance and robustness 
requirements are achieved. The parameters of the weighting matrices 
are usually adjusted manually by the trial-and-error method which is not 
effortless in practice. In the following subsection, we present a 
swarm–based algorithm to find the optimized values of the elements in 
the weighting matrices. 

3.3. LQG servo–controller tuning by GWO 

From the above mentioned LQG design procedure, it is necessary to 
select the two weighting matrices (Qk,Rk) in order to solve the algebraic 
Riccati equations and then obtain the gain matrix K, in (27). There is an 
infinite number for the selection of these two weighting matrices. The 
trial-and-error method is typically used, while here we utilize a 
swarm–based optimization algorithm for a more efficient computation 
and a more accurate solution. 

We utilize a new meta-heuristic called Grey Wolf Optimizer (GWO). 
The GWO appears to be a well-regarded swarm intelligence optimization 
algorith. The main part of swarm–based algorithm in GWO imitates by 
the social interconnection (leadership hierarchy and hunting mecha-
nism) of grey wolves in nature. The steps involved in the GWO algorithm 
and the mathematical descriptions are referred to the pioneering work 
[24]. 

By attention to the determined features of step response and its 
accessibility in every iteration of simulation, different fitness functions 
need to be used for that purpose. In this work, three performance indices 
are considered: Integral of Absolute Error (IAE), Integral of Time 
multiplied by Absolute Error (ITAE) and Integral of Time multiplied by 
the Squared Error (ITSE). These performance indices (cost functions) are 
defined by the following Eq. (32) where frequency deviations in Area 1 
and Area 2 (Δω1 and Δω2) also tie-line AC power deviation between 
these two areas (ΔPac,12) will be calculated in the time domain. 

JIAE =

∫ Tf

0
|Δω1 + Δω2 + ΔPac,12|dt,

JITAE =

∫ Tf

0
t|Δω1 + Δω2 + ΔPac,12|dt,

JITSE =

∫ Tf

0
t
(

Δω2
1 + Δω2

2 + ΔP2
ac,12

)
dt,

(32)  

where Tf is the final simulation time. In the end, the following process 
illustrates the steps involved in the proposed algorithm achieved by 
GWO for the tuning of the optimized values of the elements in the 
weighting matrices:  

1) Set up initial parameters for GWO;  
2) Calculate the state-feedback gain based on (27);  
3) Extract the frequency and AC power flow deviations (Δω1,Δω2 and 

ΔPac,12);  
4) Calculate the fitness values based on (32);  
5) Check if the last iteration reaches: if yes, update GWO parameters 

and continue from the step of 2); otherwise, derive and display the 
optimized values. 

4. Numerical results 

In this section, in order to evaluate the performance of the proposed 
LQG servo controller for the novel application on the VSP-HVDC system 
in the presence of noise, different simulations are performed on the two- 
area AC/DC interconnected system with VSP functionalities. The simu-
lations are done using the Matlab platform. In all of the simulations, the 
abnormal faults are considered as step load changes in Area 1. This is 
implemented based on the following equation, 

ΔPl1 =

⎧
⎨

⎩

0.03 2⩽t < 30,
0.015 t⩾30,
0 otherwise,

(33)  

where the values are all in per-unit. It is assumed that contingencies/ 
faults happened as step load changes in Area 1 by increasing 0.03p.u. at 
t = 2s, and then the step load change becomes 0.015p.u. at t = 30s. The 
values of the two-area system parameters and also the parameters for the 
VSP parts in the state-space model (17) are referred to [14,21]. 

We highlight that the load deviations in the two areas (ΔPl1,ΔPl2) are 
presented as the input variables. In addition, the measured outputs in 
this process are considered as the frequency deviations (Δω1, Δω2) in 
both areas. Therefore, the nature of the process disturbance, as the input 
noise, is assumed to be the abnormal load changes in each area. Besides, 
the measurement noise can be observed in the output side of studied 
VSP-HVDC system model. The source of the measurement noise in real- 

Fig. 4. Nyquist diagram for the transfer function Gvsp(s) of the 
VSP–HVDC model. 

E. Rakhshani et al.                                                                                                                                                                                                                             



International Journal of Electrical Power and Energy Systems 129 (2021) 106752

7

world applications comes from the sensing process and some unexpected 
changes during the data transmission in the communication channels. 
Till this end, it is noteworthy again that the applied noise is considered 
as the white Gaussian noise with zero mean in our numerical simulation 
results of this paper. 

4.1. System analysis: Nyquist’s stability criterion 

To begin with, we provide the Nyquist analysis of the whole closed- 
loop VSP-HVDC model in Fig. 4. The stability criterion of Nyquist is a 
graphical technique for determining the stability of a dynamical system. 
It relates the stability of a closed-loop system to the open-loop frequency 
response and open-loop pole location. The Nyquist technique is limited 
to linear, time-invariant (LTI) systems and has been widely used for 
designing and analyzing systems with feedback control loops. A prac-
tical advantage of the technique is that it can be applied directly to 
measured frequency response data. As we know, the system in a closed- 
loop configuration is stable if and only if the trajectory of the Nyquist 
diagram of G(jω)H(jω) from − ∞ < ω < ∞ surrounds the point ( − 1,0)
in a counter-clockwise direction as much times as the number of un-
stable poles that G(s)H(s) has. This definition can be achieved by the 
generalized stability criterion of Nyquist for an MIMO system, which is 
an adaptation from the stability criterion for SISO (single-input single- 

Table 1 
Variation of the cost functions versus iteration.  

Iteration IAE ITAE ITSE 

50 0.008607 7.514 12.35 
100 0.008507 7.014 0.8084 
150 0.000226 2.039 0.01286 
200 0.000126 1.1278 0.00286 
250 0.000052 1.0086 0.00108  

Fig. 5. Variation of actual and estimated frequency deviations using the proposed LQG controller tuned by the GWO algorithm. “Actual” corresponds to the MIMO 
system considering noise; “Ideal” corresponds to the system without considering any noise. 
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output) systems [25,26]. By attention to Section 2 and the continuous- 
time model descriptions in (17), a transfer function has been defined 
as Gvsp(s) in Eq. (21) for the studied VSP-HVDC model.  

From Fig. 4, we can observe that the generalized stability diagram of 
Nyquist for the proposed GWO-tuned LQG servo controller is very close 
to the actual diagram of the VSP-HVDC model and it illustrates that the 
proposed controller has approximated the actual VSP-HVDC model 
accurately. Besides, the performed distance from the critical point, ( − 1,
0), points to the suitable stability range of these two models (the actual 
VSP-HVDC model and the proposed GWO-tuned LQG servo controller). 

4.2. VSP-HVDC with the proposed LQG strategy 

The VSP-HVDC model introduced in Section 2 has been achieved on 
the basis of the proposed LQG strategy by a Kalman Filter and an LQI 
tracker, for which the state-space description is presented in Section 3. 
From the system matrices in the state-space model, the performance of 
the LQG controller by the proposed tracker can be evaluated. As 
mentioned in the preceding, the Gaussian probability distribution error, 
between actual and estimated state variables, is considered for the 
evaluation of the proposed LQG strategy. 

4.2.1. GWO-based tuning for weighting matrices 
As explained in Section 3.3, in addition to trial-and-error approach, a 

systemic approach based on heuristic algorithm is used for a better 
tuning of weighting matrices of Qk and Rk in the proposed LQG strategy 
in order to solve the algebraic Riccati equations and then obtain the 
optimal feedback gain matrix K. Table 1 shows results of cost function 
deviations versus iteration in the three performance indices. As it il-
lustrates, the performance index IAE fits more in the proposed GWO- 
based tuning method, comparing with the performance indices ITAE 
and ITSE. 

Thus finally, the optimal state-feedback gain K which consists of two 
matrices Ki and Kf to include the dynamics of the integral action and the 
Kalman Filter can be computed for the VSP-HVDC system equipped with 
the LQG strategy, 

K = [ − Kf Ki ](2×14),

where the obtained values of Ki and Kf matrices from the process in 
Section 3 are given in (34). 

4.2.2. Simulation results of the estimation target 
As show in Fig. 3 of Section 3, the proposed LQG servo controller 

using an LQI tracker contains two stages. The first stage uses a Kalman 

Filter state observer to estimate all the states of the noisy MIMO system. 
In this section, the performance of the Kalman state observer is studied 
on the VSP-HVDC model in the presence of noise. 

Fig. 5 depicts the variation of actual and estimated frequency de-
viations in both Area 1 and Area 2 using the proposed LQG strategy for 
the VSP-HVDC model. The obtained simulation results from the MIMO 
model considering noise are referred to the “actual” case; the ones from 
the system in the absence of noise are referred to the “ideal” scenario. As 
it can be observed from Fig. 5, the proposed LQG servo–controller based 
on LQI tracker, which has been tuned by using the GWO algorithm, 
presents accurate and suitable dynamic response in the estimation 
process. We also provide the digitized results for Figs. 5a and b through 
Table 2 and Table 3, respectively. The error deviation means the 

Table 2 
Digitized results of Δω1 in Fig. 5.  

Time(s) Actual Estimated Error deviation 

10 1.830× 10− 3  1.822× 10− 3  8× 10− 6  

50 − 1.861× 10− 4  − 1.418× 10− 4  − 4.43× 10− 5  

100 2.665× 10− 4  2.326× 10− 4  3.39× 10− 5  

150 2.518× 10− 4  1.714× 10− 4  8.04× 10− 5  

200 4.462× 10− 4  3.903× 10− 4  5.59× 10− 5  

250 − 1.817× 10− 4  − 1.475× 10− 4  − 3.42× 10− 5   

Table 3 
Digitized results of Δω2 in Fig. 5.  

Time(s) Actual Estimated Error deviation 

10 2.2383× 10− 4  2.436× 10− 4  − 5.30× 10− 6  

50 3.455× 10− 4  4.031× 10− 4  − 5.76× 10− 5  

100 − 6.247× 10− 4  − 6.364× 10− 4  1.17× 10− 5  

150 5.267× 10− 5  − 3.368× 10− 5  8.635× 10− 5  

200 − 8.234× 10− 5  − 3.047× 10− 4  2.223× 10− 4  

250 − 1.689× 10− 4  − 1.789× 10− 4  1.00× 10− 5   

Fig. 6. Evaluation of the proposed LQG servo controller tuned by GWO in the 
tracking target. 

Kf = 10− 3×[
− 0.1187 − 0.0410 − 0.0089 − 0.0089 − 0.0855 − 0.0928 0.8643 0.6467 1.3085 2.3139 3.0522 − 0.3979 − 0.1598
0.9018 0.2263 1.4657 1.4657 0.2275 0.2356 − 1.4373 0.3001 − 4.9956 − 3.1842 − 3.2626 − 0.0159 0.0629

]

,

Ki = 10− 3 ×

[
− 0.1450
0.2436

]

.

(34)   
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difference between the actual noisy signal and estimated one. It can be 
concluded that the estimated variables (Δω1,Δω2) have been approxi-
mated by the tuned LQG servo controller, after an implementation of 
noise in the system. The Kalman Filter estimates Δω1 and Δω1 with small 
error in the estimation stage. Besides, the error between the actual fre-
quency deviations and the estimated ones is close to the normal 
Gaussian probability distribution. Notably, we can see that the estima-
tion on Δω1 (Fig. 5a) has smaller error overall, comparing with the one 

on Δω2 (Fig. 5b). This is mainly due to the fact that the step-load change 
fault occurs in Area 1 and the target of the proposed LQG controller 
design has been centralized on Area 1. 

In Appendix A, we provide the simulation results for the estimation 
targets on the AC power flow deviation (ΔPac,12) between these two 
areas, the injected DC power deviations (ΔX1,vsp1, ΔX1,vsp2) and their 
derivative terms (ΔX2,vsp1,ΔX2,vsp2) from the VSP-based HVDC link. The 
results also validate the effectiveness of the Kalman Filter within the 
proposed LQG servo controller tuned by the GWO algorithm in esti-
mating these variables. From the index of error deviation, one can 
observe that the performance of the proposed LQG controller in esti-
mation process of the state variables corresponding to AC/DC power 
flows is even better than the one in estimating frequency state variables. 
The Gaussian probability distribution of the error between the actual 
states and the estimated ones also indicate meticulous accuracy of the 
estimation target. 

4.2.3. Simulation results of the tracking target 
The proposed LQG servo controller tuned by GWO is also supposed to 

guarantee an appropriate reference signal pursuit in the closed-loop 
system. An integral action in the LQI is added to the LQG controller to 
realize the tracking target. Next, we show the simulation results of the 
tracking performance. Note that for the global closed-loop system in 
Fig. 3, the inputs become the reference signal r. Thus correspondingly 
we let r be the step load changes in (33) as the “new” system inputs. The 
evaluation of the proposed GWO-tuned LQG controller using an LQI in 
the tracking target is presented in Fig. 6. 

From Fig. 6 we can see that, the LQI part could keep the output 
tracking the reference command r in the proposed LQG servo controller 
for the VSP-HVDC system in the presence of noise. Besides, by applying 
this controller, the error deviation signal between the output and the 
reference command of the global closed-loop system is close to zero. To 
conclude, the proposed LQG controller tuned by the GWO algorithm for 
the VSP-HVDC system which may consist of process disturbances and 
measurement noise can achieve both targets on state estimation and 
reference tracking. 

Fig. 7. A comparison of the performance between the conventional LQG 
regulator and the proposed GWO-tuned LQG servo controller in estimating state 
variables of frequency and AC/DC power deviations. (a) Δω1; (b) ΔPac,12; 
(c) ΔX1,vsp1. 

Fig. 8. Eigenvalue trajectory of dominant poles for the VSP-HVDC model over 
time delay deviations. 

E. Rakhshani et al.                                                                                                                                                                                                                             



International Journal of Electrical Power and Energy Systems 129 (2021) 106752

10

4.2.4. Comparisons: proposed LQG servo controller vs conventional 
regulator 

This subsection focuses on comparative results between our opti-
mized LQG servo–controller using GWO with added LQI tracker versus 
the conventional LQG regulator which does not have reference tracking 
functionality, as described in Section 3.1. With the explanations and the 
results in the preceding, we can have a comparison between these two 
controllers in the same simulation scenarios where fault signals, process 
disturbances and measurement noise are included. 

Fig. 7 provides simulation results for comparisons between the pro-
posed GWO-tuned LQG controller and the conventional one in esti-
mating state variables of frequency and AC/DC power deviations. It can 
be seen that the proposed GWO-tuned LQG servo–controller estimates 
more accurate in these scenarios, comparing with the conventional LQG 
regulator whose estimations in these state variables have large de-
viations from the actual ones. To be mentioned till this end, in Fig. 5, we 
“zoom in” to see how the proposed LQG controller can have meticulous 
accuracy of the estimation target, while in Fig. 7 we keep the original 
size and observe that the conventional LQG regulator has a much worse 
performance in estimating the state variables. 

4.3. Discussions 

In this part, we provide a short discussion on possible effects from the 
communication delay. Since the main focus of this paper is on the 
control strategy for a stabilization and dynamic improvement of the 
VSP-HVDC system especially in the scenario where there exists noise, 
the communication network for the data exchange is assumed to be ideal 
in the most scenarios of this paper. However, the topic of communica-
tion delay related to a controller is still of high importance and great 
practical relevance. Let us consider the scenario where the communi-
cation delay would appear in the AGC loop of Eqs. (9)–(12) in Section 
2.1, due to the restriction and expansion of the two-area system with a 
long distance HVDC link [27]. The system model with communication 
delays on the AGC can still be derived in the form of (17), by modeling 
the delay block through the first–order Pade approximation; we refer to 
[28] for this technique. 

Fig. 8 shows the eigenvalue trajectory of dominant poles for the 
studied VSP-HVDC model over time delay deviations. According to the 
obtained simulation results, the termination criteria happens in Td =

0.95 seconds or 950 ms. On the other hand, the maximum performed 
delay on the system model for which the real part of eigenvalues stays on 
non–positive values, will be about 950 ms. The VSP-HVDC system will 
have instability problems when the communication delay exceeds this 
limit. In general, this margin of 950 ms is still enough since in real 
practice considering advanced communication technologies like PMUs 
(Phasor Measurement Units) the communication delays are much less 
than this value. 

5. Conclusion 

The concept of VSP-based virtual inertia emulation in AC/DC inter-
connected system has been discussed and presented in this paper. Till 
this end, in order to achieve the estimation and tracking targets, a 

proposed LQG servo controller using an LQI tracker and the GWO al-
gorithm for the tuning of the weighting matrices has been designed for a 
novel high-level control application of the VSP–HVDC system which 
may consist of noise. According to the obtained results, we can have the 
following remarks:  

(i) To achieve the system analysis on the studied VSP-HVDC model 
equipped with proposed LQG servo controller, Nyquist’s stability 
criterion method was used. From the obtained Nyquist diagram, 
it’s feasible to conclude that the proposed LQG servo controller 
could present acceptable and stable performance, and it can also 
estimate the state variables of the VSP–HVDC model with small 
possible error.  

(ii) The first simulation was performed to validate the proposed 
GWO-tuned LQG controller on the estimation target. Variations 
of the state variables x1, x2, x9, x10, x11, x12, x13 as Δω1,Δω2,

ΔPac,12,ΔX1,vsp1,ΔX2,vsp1,ΔX1,vsp2,ΔX2,vsp2 were studied. In the 
simulation results, the Gaussian probability distribution error, 
between the actual state variables and the estimated state ones, 
was presented for the evaluation of the Kalman Filter state esti-
mator. It can be seen that, all the obtained results have empha-
sized a good performance of the proposed LQG controller. 

(iii) The second simulation results have been applied for the evalua-
tion of the tracking target which is based on an LQI strategy in the 
proposed LQG controller. As illustrated in the results, the LQI 
tracker could keep the output y tracking the input reference signal 
r. Besides, by applying this tracker, the error deviation signal for 
the difference of y and r is close to zero.  

(iv) In the end, we perform a comparison study between our proposed 
GWO-tuned LQG controller and the conventional LQG regulator 
(which does not have the reference tracking capability). The 
simulation results have indicated that the proposed LQG 
controller tuned by GWO can have a more accurate estimation of 
the state variables, while the conventional one fails to have large 
deviations between its estimated states and the actual ones. From 
the other perspective, it also validate the effectiveness of the 
proposed LQG controller for a novel application on the VSP- 
HVDC system considering the presence of noise. 
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Appendix A 

We present the simulation results in the estimation target of the proposed LQG servo controller. The results in estimating state variables ΔPac,12,

ΔX1,vsp1,ΔX2,vsp1,ΔX1,vsp2,ΔX2,vsp2 are shown in Fig. 9, Fig. 10 and Fig. 11. 
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Appendix B. Supplementary material 

Supplementary data associated with this article can be found, in the online version, at https://doi.org/10.1016/j.ijepes.2020.106752. 
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