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Background

Metric fixed point theorem is playing a major role in mathematics and the applied sci-
ences. Over the past two decades the development of fixed point theory in metric spaces
has attracted considerable attention due to many applications in different areas such as
variational, linear inequalities and optimization problems.

Banach contraction principle states that every contractive mapping defined on a complete
metric space has a unique fixed point. This principle has been generalized by many research-
ers in different ways Abbas and Dori¢ (2010), Abbas et al. (2011), Abbas et al. (2012), Abbas
and Rhoades (2009), Agarwal et al. (2008) and Shatanawi and Postolache (2013), Shatanawi
etal. (2011), Shatanawi and Mustafa (2012), Choudhury et al. (2013), Aydi et al. (2013), Aydi
etal. (2012), Shatanawi et al. (2014), Radenovi¢ and Kadelburg (2012).

In 1997, Alber and Guerre-Delabriere (1997) introduced the concept of weak con-
traction in the setup of Hilbert spaces as follows: A self mapping f on X is a weak con-
traction, if d(fx, fy) < d(x,y) — ¢(d(x,y)) for all x,y € X, where ¢ is an altering distance
function. Thereafter, in Rhoades (2001), generalized the Banach contraction principle by
considering the class of weak contraction in the setup of metric spaces and proved that
every weakly contractive mapping defined on a complete metric space has a unique fixed
point.

Later on, in Zhang and Song (2009) introduced the concept of a generalized ¢-weak
contractive mappings and proved the following common fixed point result: Let (X, d) be

. © 2016 The Author(s). This article is distributed under the terms of the Creative Commons Attribution 4.0 International License

@ Sprlnger Open (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium,

— provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s40064-016-2481-1&domain=pdf

Mustafa et al. SpringerPlus (2016) 5:802 Page 2 of 18

a complete metric space. If f, g : X — X are generalized ¢-weak contractive mappings,
then there exists a unique point # € X such that u = fu = gu.

We refer the reader to Abbas and Dorié¢ (2010), Dorié (2009), Moradi et al. (2011) and
Razani et al. (2012) for more works in this area.

The concept of b-metric space was introduced by Czerwik in Czerwik (1998). Since
then, several papers have been published on the fixed point theory of various classes of
single-valued and multi-valued operators in b-metric spaces (see also Akkouchi 2011;
Aydi et al. 2012; Boriceanu 2009a, b; Boriceanu et al. 2010; Bota et al. 2011; Hussain
et al. 2012; Hussain and Shah 2011; Olatinwo 2008; Mustafa 2014; Pacurar 2010; Mustafa
2013; Ansari et al. 2014).

Mathematical preliminaries

Definition 1 (Altun and Simsek 2010) Let fand g be two selfmaps on partially ordered
set X. A pair (f, g) is said to be weakly increasing if fx < gfx and gx < fgx for all x € X.

Definition 2 (Abbas et al. 2011) Let fand g be two selfmaps on partially ordered set X.
A pair (f; g) is said to be partially weakly increasing if fx < gfx for allx € X.

Let X be a non-empty set and T : X — X be a given mapping. For every x € X, let
Tlw)={ueX: Tu=ux).

Definition 3 (Nashine and Samet 2011) Let (X, <) be a partially ordered set and
f,8 T : X — X are mappings such that fX € TX and gX € TX. The ordered pair (f, )
is said to be weakly increasing with respect to T if and only if for all x € X, fx < gy for all
ye T (fx)and gx < fy forall y € T~ (gx).

Definition 4 (Esmaily et al. 2012) Let (X,<) be a partially ordered set and
f,8 T : X — X are mappings such that fX € TX and gX € TX. The ordered pair (f, )
is said to be partially weakly increasing with respect to T'if fx < gy forall y € T~ (fx).

Remark 5 In the above definitions:

(1) If f = g, we say that fis weakly increasing (partially weakly increasing) with respect
to T.

(2) If T = Ix (the identity mapping on X), then the above definitions reduces to the
weakly increasing (partially weakly increasing) mapping (See, Nashine and Samet
2011; Shatanawi and Samet 2011).

Jungck in Jungck (1986) introduced the following definition.

Definition 6 (Jungck 1986) Let (X, d) be a metric space and f,g : X — X. The pair
(f, @ is said to be compatible if lim,_, »c d(fgx, gfx,) = O, whenever {x,} is a sequence in
X such that lim,,_, » fx,, = lim,,_, 5 gx,, = ¢ for some ¢t € X.

Definition 7 Let fand g be two self mappings on a nonempty set X. If x = fx = gx for
some x in X, then x is called a common fixed point of fand g.
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Definition 8 (Jungck 1996) Let f,g : X — X be given self-mappings on X. The pair
(f; ) is said to be weakly compatible if fand g commute at their coincidence points (i.e.,
fox = gfx, whenever fx = gx).

Definition 9 Let (X, <) be a partially ordered set and d be a metric on X. We say that
(X,d, =) is regular if the following conditions hold:

(1) If a non-decreasing sequence x,, — x, then x, < x for all n.

(2) If a non-increasing sequence y, — ¥, then y,, > y for all n.

Definition 10 (Khan et al. 1984) A function v : [0,00) — [0, 00) is called an altering
distance function if it satisfies the following conditions:

(1) ¥ is monotone increasing and continuous,
(2) ¥(t) =0ifand onlyifz = 0.

In Nashine and Samet (2011), established some coincidence point and common fixed
point theorems for mappings satisfying a generalized weakly contractive condition in
an ordered complete metric space by considering a pair of altering distance functions
(¥, @). In fact, they proved the following theorem.

Theorem 11 (Nashine and Samet 2011 Theorem 2.4.) Let (X, <) be a partially ordered
set and suppose that there exists a metric d on X such that (X, d) is a complete metric
space. Let T,R : X — X be given mappings satisfying for every pair (x,y) € X x X such
that Rx and Ry are comparable,

Y (d(Ix, Ty)) < ¥ (d(Rx, Ry)) — ¢(d(Rx, Ry)),
where r and ¢ are altering distance functions. We suppose the following hypotheses:

(i) T and R are continuous,

(i) TX C RX,

(iii) T is weakly increasing with respect to R,
(iv) the pair (T, R) is compatible.

Then, T and R have a coincidence point, that is, there exists u € X such that Ru = Tu.

Further, they showed that by replacing the continuity hypotheses on T and R with the
regularity of (X, d, <) and omitting the compatibility of the pair (7, R), the above theo-
rem is still valid (see, Theorem 2.6 of Nashine and Samet 2011).

Also, in Shatanawi and Samet (2011), Shatanawi and Samet studied common fixed
point and coincidence point for three self mappings 7, S and R satisfying (¥, ¢)-weakly
contractive condition in an ordered metric space (X, d), where S and T are weakly
increasing with respect to R and ¥, ¢ are altering distance functions. Their result gener-

alize Theorem 11.
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Analogous to the work in Nashine and Samet (2011), Shatanawi and Samet proved the
above result by replacing the continuity hypotheses of T, S and R with the regularity of
X and omitting the compatibility of the pair (7, R) and (S, R) (See, Theorem 2.2 of Sha-
tanawi and Samet 2011).

Consistent with Czerwik (1998), Jovanovi¢ et al. (2010) and Singh and Prasad (2008),
the following definitions and results will be needed in the sequel.

Definition 12 (Czerwik 1998) Let X be a (nonempty) set and s > 1 be a given real
number. A function d : X x X — R is a b-metric iff, for all x,y,z € X, the following
conditions are satisfied:

(b1) d(x,y) = 0iffx =,
(b2) d(x’y) = d()’,x),
(b3) d(x,z) <sld(x,y) +d(y,2)].

The pair (X, d) is called a b-metric space.

Note that, the class of b-metric spaces is effectively larger than the class of metric
spaces, since a b-metric is a metric, when s = 1.

The following example shows that in general a b-metric need not necessarily be a met-
ric (see, also, Singh and Prasad 2008, p. 264).

Example 13 (Aghajani et al. 2014) Let (X, d) be a metric space, and p (x,y) = (d(x,))?,
where p > 1is a real number. Then, p is a b -metric with s = 2771,

However, if (X, d) is a metric space, then (X, p) is not necessarily a metric space.

For example, if X =R is the set of real numbers and d(x,y) = |x — y| is the usual
Euclidean metric, then p(x,y) = (x — y)? is a b-metric on R with s = 2, but not a metric
onR.

Definition 14 Let X be a nonempty set. Then (X, d, <) is called a partially ordered
b-metric space if and only if d is a b-metric on a partially ordered set (X, <).

Definition 15 (Boriceanu et al. 2010) Let (X, d) be a b-metric space. Then a sequence
{x,}in X is called b-convergent if and only if there exists x € X such that d(x,,x) — 0, as
n — 4o00. In this case, we write lim,,_, o0 %, = x.

Definition 16 (Boriceanu et al. 2010) Let (X, d) be a b-metric space. Then a sequence
{x,}in X is called b-Cauchy if and only if d (xy,, x,) — 0,as n,m — +00.

Proposition 17 (See, Remark 2.1 in Boriceanu et al. 2010) In a b-metric space (X, d)
the following assertions hold:

(i) A b-convergent sequence has a unique limit.
(ii) Each b-convergent sequence is b-Cauchy.
(i) In general, a b-metric need not be continuous.

Definition 18 (Boriceanu et al. 2010) The b-metric space (X, d) is b-complete if every
b -Cauchy sequence in X b-converges.
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Definition 19 Let (X, d) and (X',d") be two b-metric spaces. Then a function
f : X — X'is b-continuous at a point x € X if and only if it is b-sequentially continuous

at x, that is, whenever {x, } is b-convergent to x, {f (x,)} is b-convergent to f(x).

Definition 20 The function ¢ : [0,00) — [0,00) is called an Ultra-altering distance
function, If the following conditions hold.

(1) ¢ is continuous
(2) ¢(0) = 0,and p(¢) # 0,¢ # 0.

In 2014 Ansari (2014) introduced the concept of C-class functions which cover a large
class of contractive conditions.

Definition 21 (Ansari 2014) A mapping F : [0,00)?> — R is called a C-class function if

it is continuous and satisfies following axioms:

(1) F(r,it) <713
(2) E(r,t) = rimplies that eitherr = 0or¢ = 0; for all 7, ¢ € [0, 00).

We denote a C-class functions as C.

Example 22 (Ansari 2014) The following functions F : [0,00)> — R are elements of C,
forallr,t € [0, 00):

(1) F(r,t) = mr,0<m<L, F(r,t) =r=r=0;
(2) Fr,t)y=r—t, F(r,t) =r=1t=0;
(3) F(r,t) = ﬁ;a € (0,00), F(r,t) =r=r=0o0rt =0.

Lemma 23 (Jovanovic et al. 2010, Lemma 3.1) Let {x,} be a sequence in a metric type
space (X, D, s) such that

D%, %n41) < BD(%n—1,%n)
forsome B,0 < B < %, and eachn = 1,2, - -. Then {x,} is a Cauchy sequence in (X, D, s).

Motivated by the works in Nashine and Samet (2011), Shatanawi and Samet (2011)
and Jamal (2015), In this paper, by using the C-class functions and a new approach, we
present some coincidence point results for four mappings satisfying generalized (v, ¢)
-weakly contractive condition in the setting of ordered b-metric spaces where 1 is alter-
ing distance function and ¢ is Ultra-altering distance function. Also, an application and
example are given to support our results.

Main results
Let (X, <,d) be an ordered b-metric space and f,g, T,/ : X — X be four self mappings.
In this paper, let

N (x,y) € {d(hx, Ty), d(hx, fx), d(Ty, gy), d(hx, gy), d(Ty, fx)} (1)
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forallx,y € X.

Theorem 24 Let (X, <, d) be an ordered complete b-metric space (with parametr s > 1).
Let f,g,T,h: X — X be four mappings such that f(X) € T(X) and g(X) € h(X). Sup-
pose that for every x,y € X with comparable elements hx, Ty, there exists N (x, y) such that

v (s“d(fr,gy)) < F(y (N @x9), 0 (N 9)), )

where r is altering distance function and ¢ is Ultra altering distance function, a > 1 and F
is a C-class function such that F is increasing with respect to first variable and decreasing
with respect to second variable. Let f, g, T and h are continuous, the pairs (f, h) and (g, T)
are compatible and the pairs (f, g) and (g, f) are partially weakly increasing with respect
to T and h , respectively. Then, the pairs (f, h) and (g, T) have a coincidence point w in X.
Moreover, if Rw and Sw are comparable, then w is a coincidence point of f, g, T and h.

Proof Let xp € X be an arbitrary point. Since f(X) C T'(X) and g(X) C h(X), one can
find x1,x, € X such that fxg = Txj and gx; = hxy.
Continuing this process, we construct a sequence {w,} defined by:

Wong1 = Txonp1 = fXon
and
Wong2 = MXouio = g¥ont1

forallm > 0.
Since, x1 € T~ !(fxo) and x5 € 4~ '(gx1), and the pairs (g, ) and (f, g) are partially weakly
increasing with respect to T and 4, respectively, we have,

Txy = fxo < gx1 = hxy =X fxy = Txs.

Repeating this process, we obtain wy,4+1 < wo,47 for alln > 0.

The proof will be done in three steps.

Step I We will show that limy_, o, d(wg, wiy1) = 0.

Define dy = d(w, wiy1). Suppose dy, = 0 for some ko. Then, wy, = wy,+1. In case that
ko = 2n, then wy,, = woy,41 which gives wo, 11 = wo,42. Indeed,

U (s"d (Wons1, Want2)) = ¥ (s*d(fxon, gront1))

< FO (N G 3201))» 0 (N (e 211, )

where,

d(hxop, Txont1), d(hxon, fXon), A(Txont1, %on+1)s
N Geama2ur1) € {d(hxzn,gx2n+1>,d<Tx2n+1, o)

_ J AWan, Wani1), d(Wap Want1), d(Wani1, Wan2)
d(Won, Wan12), AWt 1, Want1)

= {0, d(Want1, Wont2), d(Woy, Wan42)}

Taking NV (%21, %25+1) = d(Wo+1, Want2), then from (3) we have,
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Y (s*d(Wang1, Wans2)) < F(Y (d(Wang1, Wans2) ), @ (d(Wans1, Want2)))

< Y (dWant1, Wans2)) 4)

which implies that ¥ (d(Wapt1,Want2)) =0 or  @(d(Was1, Wany2)) =0, that
is, Wy = Wouy1 = Wouyo. Similarly, if ko=2n+1, then wa,11 = wouqa gives
Waut2 = Wauy3. Consequently, the sequence {wy} becomes constant for k > ko and
Wy, is a coincidence point of the pairs (f; /) and (g, T). For this aim, let ko = 2. Since,

Wou = Wout1 = Wouto, therefore,
Wayu = hxon = wany1 = Txony1 = fXon = Want2 = ¥2nr1 = hxonyo.

This means that, 1(xy,) = f (x2,) and T (x2,4+1) = g(*2+1)-

On the other hand, the pairs (f, #) and (g, T) are compatible. So, they are weakly
compatible. Hence, fh(x2,) = hf (x2,) and gT (x2,41) = Tg(x2,+1), or, equivalently,
fwoy = hwoyyy and gwoy, 1 = Two,po. Now, since, wy, = Woup1 = Wouto, wWe have,
fwoy = hwoy, and gws, = Twoy,.

In the other case, when ko = 2n+ 1, similarly, one can show that wy,41 is a
coincidence point of the pairs (f; #) and (g 7). Also for N'(x2,,%2,+1) =0 or
N (%2, %2141) = d (W2, Wa,12), one can obtain the desired result.

Now, suppose that

dr = d(Wi, i) > 0 5)
for each k. Then we claim that
AWit1, Wig2) < dWie, Wy1) 6)

foreachk =1,2,3,....
To prove the claim, let k=2n for an n>0, assume that
Ad(Wan+1, Won+2) = d(Way, Wang1) > 0. Then, as hxp, < Txz,41, using (2) we obtain that,

U (s"d(Wang1, Want2)) = ¥ (s*d(fxon, gront1))

< F(¥ (N an %2041) )5 @ (N (2 %2041) ) ) @

where,

d(hxo, Txon 1), d(hxon, fXon), A(Txont1, %ou+1)s
N Geama2ur1) € { d (hxan, gean+1), A(Tx2p+1, fXon)

= {d(wWan, Want1), d(Wan+1, Wan+2), d(Wan, Wan+2), 0}
If
N (2, %2041) = d(Want1, Want2),
Then from (7), we have,
¥ (s"d(Want1, Want2)) < F(Y (d(Wang1, Wans2)), @ (d(Wang1, Want2))) (8)

From definition of F, y we get that
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U (d(Wang1, Wont2)) < ¥ (s°d(Wang1, Want2))
< F(Y (dWans1, Wan12) ), @ (d(Wans1, Wani2))
< ¥ (d(Wans1, Wany2))

Hence, F (Y (d(Want1, Want2)), @ (d(Want1, Wans2)) = ¥ (d(Wans1, Want2))
which implies that,

@ (dWany1, Wans2)) =0,
or
¥ (d(Wany1, Want2)) =0,
that is d (w241, Wan+2) = 0 a contradiction to (5). Hence,
d(Want1, Wany2) < d(Wap, wapy1), for alln > 0.

Thus, (6) is proved for k = 2n.

Using argument similar to the above, one can show the inequality (6) is true for
k = 2n + 1. Therefore, (6) is true forallk = 1,2,3,-- -

From definition of F, and condition (2) we get that

w(s“d(wk_H, Wk+2)) <Fy (d(Wk-H, Wk+2))»<ﬂ(d(wk+1rwk+2))

)
< Y (dWrs1, Wit2))
Thus, from the monotonocity increasing of  we have for all k > 0
1
Ad(Wk41, Wig2) < S—ﬂd(wk, Wit1) (10)

Analogously, in all cases, we see that {d(w, wiy1)} is a non-increasing sequence of
nonnegative real numbers. Therefore, there is an 7 > 0 such that

klgrolo dWi, Wiey1) =T (1)

We know that,

d(hxon, Txopt1), Ao, fXon), A(TX2n41, Z2n41)s
N @ x2n1) € {d(th;fz,ngnJrl):d(Tx2n+1:fx2n)

_ [ dwan, wani1), d(Wap, wang1), d(Want1, Wans2),
AWy Want2), d(Wopng1, Wans1) ’

Taking the limit as # — oo in above and (9), we have
v (r) <FW(r),e(r),
which implies that,
v(r)=0,
that is r = 0, therefore

r= klingo d(Wi, Wiy1) = nlglgo d(Wap, Wopt1) = 0. (12)

Page 8 of 18
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Step Il Using 10 and Lemma (23) we get {w,} is a b-Cauchy sequence in X.
Step III In this step we prove that f; g, T 'and / have a coincidence point.
Since {w,} is a b-Cauchy sequence in the complete b-metric space X, there exists w € X

such that
lim d(waut1,w) = lim d(Txpne1, w) = lim d(fxp,, w) =0 (13)
n—00 n— 00 n—o00
and
nli)rgo dWany2, W) = nli)rrgo d(hxont2, W) = nlggo d(gxous1, w) = 0. (14)
Hence,
hxy, — w and fxy, > w, asmn — oo. (15)

As (f, h) is compatible, so,

nll)rr;o d (hfxon, fhxon) = 0. (16)

Moreover, from lim d(fxy,, w) = 0, lim d(hxy,, w) = 0 and the continuity of /% and
n—0o0 n— 00

we obtain,
nhj;o d(hfxon, hw) = 0 = nlljgo d(fhxon, fw). (17)

By the triangle inequality, we have,

d(hw, fw) < sld(hw, hfxa,) + d(hfxan, fw)]

< s (hw, hfican) + 5L fica fHiean) + d (i, fi)]. (18)

Taking the limit as # — oo in (18), we obtain that
d(hw,fw) <0,

which yields that fw = hw, that is w is a coincidence point of fand /.
Similarly, it can be proved that gw = Tw. Now, let Tw and sw are comparable. By (2)

we have,
¥ (s*d(fw, gw)) < F(¥ (N (w, w)), 0 (N (w,w)), (19)
where,

Nw,w) € {d(hw, Tw), d(hw, fw), d(Tw, gw), d (hw, gw), d(Tw, fw)}

N(W; W) = d(fW,gW)

so (19) yields that

Page 9 of 18
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v (d(fw, gw)) < ¥ (s"d(fw, gw))
< F(y (d(fw,gw)), ¢ (d(fw,gw)))
<y (d(fw,gw))

which implies [F W (d (fw, gw)) ,Q (d (fw,gw)) = ¥ (d(fw, gw))}, hence, either
v (d(ﬁ/v,gw)) =0org (d(fw,gw)) = 0, then in both cases we get fw = gw.
If N(w,w) = 0, then (19) yields that

v (s”d(fw, gw)) < F(¥(0),9(0)) < F(0,9(0)) <0

which implies 1/f(s“d (fw, gw)) =0, and so fw =gw. So, in all cases we get that,
fw=gw=hw=Tw. (]
By taking ¢ (t) = ¢(¢) = tand F(r,t) = Ar, 1 > 1, we get the following corollary.

Corollary 25 Let (X, <, d) be an ordered complete b-metric space (with parametrs > 1).
Let f,g,T,h: X — X be four mappings such that f(X) C T(X) and g(X) € h(X). Sup-
pose that for every x,y € X with comparable elements hx, Ty, there exists N (x,y) such
that

d(fe,gy) < S%N @®,9)

wherea > land J. > 1. Let f, g, T and h are continuous, the pairs (f, h) and (g, T) are com-
patible and the pairs (f, g) and (g, f) are partially weakly increasing with respect to T and
h, respectively. Then, the pairs (f, h) and (g, T) have a coincidence point z in X. Moreover, if
Tw and hw are comparable, then w is a coincidence point of f, g, T and h.

In the following theorem, we replace the compatibility of the pairs (f, #) and (g, T) by
weak compatibility of the pairs and we omit the continuity assumption of f, g, T and h
and

Theorem 26 Let (X, X,d) be a regular partially ordered b-metric space (with parametr
s>1), f,g,T,h: X — X be four mappings such that f(X) C T(X) and g(X) C h(X)
and TX and hX are complete subsets of X. Suppose that for comparable elements
hx, Ty € X, we have,

¥ (s"d(fe.g) < FOy (N (x,9)), (N @), (20)

where s is altering distance function and ¢ is Ultra altering distance function and a>1
and F is C-class function such that F is increasing with respect to first varaible. Then, the
pairs (f, h) and (g, T) have a coincidence point w in X provided that the pairs (f, h) and
(g, T) are weakly compatible and the pairs (f, g) and (g, f) are partially weakly increasing
with respect to T and h, respectively. Moreover, if Tw and hw are comparable, then w € X
is a coincidence point of f, g, T and h.

Proof Following to the construction of the sequence wy, in the proof of Theorem (24),
there exists w € X such that
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lim d(wg,w) =0.
Jm (Wi w) (21)

Since T(X) is complete and {wy,4+1} € T (X), this implies that w € T'(X). Hence, there
exists u € X such that w = Tu and

lim d(wopt1, Tu) = lim d(Txyy41, Tu) = 0. (22)
n— 00 n—0o0

Similarly, there exists v € X such thatw = Tu = hv and

nlerolO d(woy, hv) = nli)rr;o d(hxyy,, hv) = 0. (23)

We prove that v is a coincidence point of fand 4.
Since Txp,4+1 — w = hv, as n — oo and the regularity of X, Tx2,+1 < hv. But from tri-
angle inequality of b -metric space we have d(fv, w) < sd(w, gxan+1) + sd(fv, gxon+1)
Therefore, from (20) and the monotonocity increasing of  we have

Y (d(fv,w) — sd(w, gxn11)) < ¥ (sd(fv, grans1)) < ¥ (s*d(fv, gant1))

24
< FO (N0 2011)) 0 (N 0 23ms1))), @4

where, from 1,

N(V)x2n+l) € {d(hl/, Tx2n+1),d(hv,fv),d(Tx2n+1,gx2n+1),d(hv,gx2n+1),d(Tx2n+1,fV)}
—{0,d(w, fv)}.

Taking the limit as # — oo in (24), using 1 and the continuity of ¢ and ¢, we get the fol-
lowing two case:

Case(1)
Y (d(fr,w)) < F(¥(dw,fn), o dw,fv))) < ¥ (d(w,fv))
so, fv =w = hv.
Case(2)
Y (d(fv,w) < F(¥(0),9(0)) < ¥(0) =0
so, fv =w = hv.

As fand h are weakly compatible, we have fw = fhv = hfy = hw. Thus, w is a coinci-
dence point of fand /.

Similarly it can be shown that w is a coincidence point of the pair (g, 7).

The rest of the proof can be done using similar arguments as in Theorem 24. [J

Taking 7 = T in Theorem 24, we obtain the following result.

Corollary 27 Let (X, X,d) be a partially ordered complete b-metric space (with para-

metrs > 1) and f,g, T : X — X be three mappings such that f(X)Ug(X) C T(X)and T
is continuous. Suppose that for every x,y € X with comparable elements Tx, Ty, we have,

¥ (s"d(fx,gy)) < F (N, ), (N 9)), (25)

Page 11 0of 18
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where,
N (x,y) € {d(Tx, Ty), d(Tx, fx), d(Ty,gy), d(Tx, gy), d(Ty, fx)}

where V is altering distance function, ¢ is Ultra altering distance function, a >1 and F
is C-class function such that F is increasing with respect to first variable. Then, f, g and
T have a coincidence point in X provided that the pair (f, ) is weakly increasing with
respect to T and either,

a. the pair (f, T) is compatible and fis continuous, or,
b. the pair (g, T) is compatible and g is continuous.

Taking T = h and f = g in Theorem 24, we obtain the following coincidence point

result.

Corollary 28 Let (X, <,d) be a partially ordered complete b-metric space (with param-
eters > 1) and f,T : X — X be two mappings such that f(X) C R(X). Suppose that for
every x,y € X for which Tx, Ty are comparable, we have,

¥ (s"d(f.f) < EGr (N x,0),0(N @), (26)
where,
N(x,y) € {d(Tx, Ty), d(Tx, fx), d(Ty, fy), d(Tx, fy), d(Ty, fx)},

Y is altering distance function, ¢ is Ultra altering distance function, a >1 and F a is
C-class function such that F is increasing with respect to first variable. Then, the pair
(, T) has a coincidence point in X provided that f and T are continuous, the pair (f, T) is
compatible and f is weakly increasing with respect to T.

Example 29 LetF(r,t) = {15 ? for

all x,y € X. We define an ordering “<” on X as follows:

X = [0,00)and d on X be given by d(x,y) = |x -y

x y&=y<x Vx,yelX.
Define self-maps f, g, # and T on X by

fx=In(1+x), Tx=-exp(Zx)—1,
x
gx=1In (1 + §)’ hx = exp(21x) — 1.

To prove that (f, g) is partially weakly increasing with respect to T, let x,y € X be such that
y € T~ Y, that is, Ty = fx. By the definition of fand T, we have In1 + x = exp(7y) — 1

and y = ln(1+1r;(l+x))‘ ,

fe=In(1+x) >In <1+ 2—111n(1+1n(1 +x))> —In (1+§) — g.

Therefore, fx < gy. Hence (f, g) is partially weakly increasing with respect to 7.
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To prove that (g, f) is partially weakly increasing with respect to %, let x,y € X be such
x
that y € &~ 1gx. This means that 1y = gx. Hence, we have In (1 + g) = exp(21y) — land

In(1+In(1+3%))
S,V =""21

gx:ln(1+%€) > In <1+ln(1+lr211(1+§))> =In(y) =fy.

[ )

Therefore, gx < fy.

Furthermore, fX = gX = hX = TX = [0, 00) and the pairs (f; /) and (g, T) are compati-
ble. Indeed, let {x,} is a sequence in X such thatlim,_, o d(t, fx,) = lim,_, - d(¢, hx,) = 0,
for some t € X. Therefore, we have,

lim |ln(1 + xy,) — t| = lim |exp(21xn) —-1- t| =0.
n— o0 n— o0

Continuity of Inx and exp(21x) — 1 on X implies that,

lim |x,, —exp(?) + 1| = lim |x, — =0,
n—0o0 n— 00

21

lnt+1’

and the uniqueness of the limit gives thatexp(¢) + 1 = l“;—fl But,

Int+1
< t=0.

exp(t) — 1=

So, we have t = 0. Since fand /4 are continuous, we have
lim d(fhx, hfen) = lim |fhx, — hfcq|” = 0.
n—0oo n—00

Define /, ¢ : [0,00) — [0,00) as Y (£) = 2t and p(¢) = 223 forall £ € [0, 00).
Using the mean value theorem for the functions In(1 + z) and exp(z) on the intervals

[, %] C X and[21x,7y] C X, respectively, we have,

441 441 2
(27 d(fx, gy)) = 27%% —gy|2 = T‘IH(I +x) —In(1+ %)‘
2
) _
544196_2‘ <@‘21x 7y‘

2 30 = 2 441

IA

%|exp(21x) —1—exp(7y) — 1|2 < %‘hx - Ty|2

Y (d(hx, Ty))

1+ odhx Ty) F(y(d(hx, Ty)), ¢(d(hx, Ty))).

1
= —d(hx, Ty) =

2
Thus, (2) is satisfied for all x, y € X witha = 7 and N (x,y) = d(hx, Ty). Therefore, all the
conditions of Theorem 24 are satisfied. Moreover, 0 is a coincidence point of f, g, T and h.
O

Corollary 30 Let (X, X,d) be a regular partially ordered b-metric space (with parametr
s>1), f,g, T : X — X be three mappings such that f(X) € T(X)and g(X) C T(X) and
TX is a complete subset of X. Suppose that for comparable elements Tx, Ty € X, we have,
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v (s®d(fe.g) < FG (N x), 0(N (), @7
where
N(x,y) € {d(Tx, Ty), d(Tx, fx), d(Ty, gy), d(Tx, gy), d(Ty, fx)}

where V is altering distance function, ¢ is Ultra altering distance function, a >1 and F
is C-class function such that F is increasing with respect to first variable. Then, the pairs
(f, T) and (g, T) have a coincidence point w in X provided that the pair (f, g) is weakly
increasing with respect to T.

Corollary 31 Let (X, <,d) be a regular partially ordered b-metric space (with param-
eters > 1), f, T : X — X be two mappings such that f(X) C T(X) and TX is a complete
subset of X. Suppose that for comparable elements Tx, Ty € X, we have,

¥ (s*d (e ) < FO (N @), o (N 69))), (28)
where,
M(x,y) € {d(Tx, Ty), d(Tx, fx), d(Ty, ), d(Tx, ), d(Ty, fx)}

Y is altering distance function, ¢ is Ultra altering distance function, a >1 and F is C-class
function such that F is increasing with respect to first variable. Then, the pair (f, T) have a
coincidence point w in X provided that f is weakly increasing with respect to T.

Taking T = h = Ix (the identity mapping on X) in Theorems 24 and 26, we obtain the
following common fixed point result.

Corollary 32 Let (X, <,d) be a partially ordered complete b-metric space(with para-
metr s > 1). Let f,g: X — X be two mappings. Suppose that for every comparable ele-
ments x,y € X,

v (s"d(fx,gy)) < Fy (N, 9), 0 (N 0)), (29)
where,
N(x,y) € {d(x,y),d(x,fx),d(y,gy), d(x,2y), d(y, [x)},

Y is altering distance function, ¢ is Ultra altering distance function, a >1and F is C-class
function such that F is increasing with respect to first variable. Then, the pair (f, g) have
a common fixed point w in X provided that the pair (f, g) is weakly increasing and either,

a. forgis continuous, or,
b. Xisregular.

Application
In this section, we will use Corollary 32 to show that there is a solution to the following
integral equations:
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b
x(t) = / G, r)H i (r,x(r))dr; t € la,b]
"b (30)
x(t) = / G(t,r)Hy(r,x(r))dr; t € la,b]

Let X = (C[a, b],R) denote the set of all continuous functions from [a, b] to R. Con-
sider the partial order on X to be define as: x,y € X, x <X yiffx(¢) < y(¢), Vt € [a, b].
Define mappings f,g : X — X by

b
fx(t) :/ G(t,r)Hi(r,x(r))dr; t € [a,b] 3D

b
gx(t) =/ G(t,r)Hy(r,x(r))dr; t € la,b] (32)
a
Theorem 33 Consider Equ. (30) and suppose:

1) G
2) H1,H2 [a, b] x R — R are continuous functions,
3) sup,. ab]f G(t,rydr < \/271’”4 >1

4) forallr € [a, bl and x € X we have

[a,b] x [a, b] — [0, 00) is a continuous function,

(
(
(
(

b
Hi(r,x() < Ho (1, / G (&, r)H (r (1)) dr )

b
Hy(r,x(r)) < Hy (r, / G(t, r)Hz(nx(r))dr)

(5) Forall x(r),y(r) € X with x(r) < y(r);r € [a, b] we have

| (r,2(r)) — Ha(r,y(")P < (/In@ 4 [x(r) = y()2).
Then, the integral Eq. (30) have a solution x € X.

Proof Clearly from condition (4), the mappings f, g are weakly increasing with respect
to <. Let X and f; g be as defined above. For all x,y € X define the b-metric on X by

2
dex,y) = (sup 1x(®) —y0)]) . (33)
tela,b]
Clearly that (X, d) is a complete b-metric space with constant (s = 2). Moreover, in Nieto
and Rodaiguez-Loez (2007) it is proved that (X, <) is regular.
Now let x,y € X such that x < y, then from condition (5) above, for all ¢t € [a, b] we
have

Page 150f 18
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2
sup_[fx(t) — gy(0)])
tela,b]

b 2
sup | [ G, n)IHy(r,x(r) — Ha(r, y()ldr|)

telab]l Ja

b 2
sup / G(t,r)|H1<r,x<r>)—H2<r,y<r)|dr)
1Ja

(
(
(m
(
(
(

b
sup / G(t, r)\/ln(l + |x(r) —y(;’)lz)dr)2

telabl Ja

b 2
sup / G(t,r)\/ln(l—l—d(x,y))dr)

telabl Ja

IA

b 2
sup / G(t,r)dr) In(1+d(x,9))
telabl Ja

1

Thus,

2"d(fx, gy) < In(1 +d(x,))
34
= d(xy) ~ (d0x,y) — In(1 + d(x,y)) GY
Now, by taking ¥ (¢) =¢ and ¢(¢) =t —In(1 4 ¢) and the function F(r,t) =r — ¢,
then clearly v is Altering distance function and ¢ is Ultra- Altering distance function,
also F € C. Therefore Eq. 34 becomes

Y (s"d(fx, gy) = ¥ (2"d(fx, gy))
= 2"d(fx,gy)
<d(x,y) — (dxy) —In(l +d(x,y)))
=y (dxy) — odx,y))
=y N®y) —eWN(x,)
=FyN®,9), 9N (*,%)))

Therefore, all conditions of corollary 32 are satisfied with N (x,y) = d(x,y) and a = m.
As a result of corollary 32 the mappings fand g has a common fixed point in X which is a
solution of the Eq. 30. O

Conclusions

By using the C-class function F such that F is increasing with respect to first variable and
decreasing with respect to second variable, we proved some coincidence point results
for four continuous mappings f, g, T and &, where the pairs (f, #) and (g, T) are compat-
ible satisfying generalized (¥, ¢)-weakly contractive condition in the setting of ordered
b-metric spaces, ¥ is altering distance function and ¢ is Ultra-altering distance function.
Also, we can replace the compatibility of the pairs (f, #) and (g, T) by weak compatibility
of the pairs and we omit the continuity assumption of f, g, T'and 4. This approach can be
extended to other spaces.
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