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In this paper, we define a-admissible and a-¢-fuzzy cone contraction in fuzzy cone metric space to prove some fixed point
theorems. Some related sequences with contraction mappings have been discussed. Ultimately, our theoretical results have been
utilized to show the existence of the solution to a nonlinear integral equation. This application is also illustrative of how fuzzy
metric spaces can be used in other integral type operators.

1. Introduction

The concept of fuzzy metric space (FM space) was first
introduced by Kramosil and Michale [1] while George and
Veeramani [2] illustrated some well-known FM space
properties. In the sense of Kramosil and Michale [1], George
and Sapena [3] and Grabice [4] introduced the idea of fuzzy
contraction of complete FM spaces and developed some
fixed point (FP) results. Some more related results can be
found in [5-8]. Samet et al. [9] proposed the concept of
a-y-contraction in complete metric spaces in 2012. Later,
Gopal and Vetro [10] presented the concepts of « — ¢ and
B — v fuzzy contractive mappings, as well as several novel FP
theorems in FM spaces. More FP results in the context of FM
spaces can be found in references (see, for example, [11-15]).
Mohammadi et al. [16] proved some generalized contraction
results in FM spaces with application in integral equations.
Recently, the rational type fuzzy contraction concept in
complete FM space is given by Rehman et al. [17], and they
proved some FP results with an application.

Oner et al. [18] introduced the idea of fuzzy cone metric
space (FCM space), proved some basic properties, and

developed the first version of “Banach contraction principle
for fixed point” in FCM spaces which is stated as follows: “let
(%, M,, *) be a complete FCM space in which fuzzy cone
contractive sequences are Cauchy and let h: % — % be a
fuzzy cone contractive mapping being a € (0,1) the con-
tractive constant. Then, 4 has a unique fixed point.” Ur
Rehman et al. [19] presented some extended “fuzzy cone
Banach contraction results” in FCM spaces for some weaker
conditions. In topology and analysis, the definition of FCM
spaces with different contractive conditions has been
commonly used. For further reading, refer to [20-28].

The definition of « admissibility has been applied to
certain directions by several writers. For a pair of functions,
some authors expanded the concept of o admissibility. We
may advise readers to look for more work in the field of «
admissibility, as well as references (see [29-33]). Recently,
Islam et al. [34] established some FP results in cone
b,-metric space by using generalized a-admissible Har-
dy-Rogers’ contractions over Banachs algebras with
application.

In this paper, we define that a mapping h is a-admissible
with respect to n7 and « — ¢ fuzzy cone contraction in FCM
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space. By using the concept of a-admissibility with respect to
# under mapping h, we establish some FP theorems under
the a — ¢ fuzzy cone contraction conditions in FCM space
with an example. In support of our work, we present an
integral type application. By using this concept, one can
prove different contractive type FP results for nonlinear
mappings with different types of applications in the context
of FM spaces. The paper is organized as follows. In Section 2,
we introduce the preliminary concepts to support our work.
In Section 3, we present some FP results by using different
types of contraction conditions in FCM spaces with an il-
lustrative example. In Section 4, we present an integral
equation application to validate the concept defined in the
paper. Finally, in Section 5, we discuss the conclusion.

2. Preliminaries

The continuous t-norm is defined by by Schweizer and Sklar
[35].

Definition 1 (see [35]). An operation =: [0, 11> — [0,1] is
called continuous t'-norm if it satisfies the following
conditions:
(i) = is commutative, associative, and continuous
(ii) 1% o, = 0, and oy * 0, <5 * 0,, Whenever, o, <p;
and p, < g4, for each g,,0,,03,04 € [0,1]

The basic t'-norms, i.e., product, minimum, and L
Lukasiewicz continuous ¢'-norms are defined as follows (see
[35]):

(i) 01 %0, = 010,
(i) @, * 0, = min{g;, 0, }
(iii) @, * 0, = max{g, + 0, — 1,0}

Definition 2 (see [36]). A subset @ of a real Banach space E is
called cone if

(i) € + 9, closed, and € # {0}
(ii) 0<;,0, <00 and y, w € G, then oy + o,w € €
(iii) ~p,p € G, then p =0
A cone € C E and < is a partial ordering on E via &
which is defined by y < w iff w — y € G. y<w stands for p < w

and p+# w, while y < w stands for w — p € int(%). All the
cones in this paper have a nonempty interior.

Definition 3 (see [18]). A 3-tuple (%,Ma, ) is called FCM
space if € is a cone of E, % is an arbitrary set, * isa continuous
t-norm, and a mapping M, % x U x int(&) — [0, 1]
satisfies the following axioms:
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(i) M, (g, t')>0 and M, (w0, t') =1 iff = w
(ii) M,x (u, w,lt') = Ma(w,y, ) )
(iit) M, (i, p,s) * My (pyw, t') < M, (@, 5 + t')
(iv) Ma (4, w,.): int(€) — [0, 1] is continuous
!

Yy, wp €% ands, t' €int(F).

Definition 4 (see [18]). Let (%, Ma, %) be a FCM space, and
u € % and (u,) be a sequence in U. Then,
!
(i) The sequence (y;) converges to y, if t' > 6,0<r<1
and 3i; € N so that M, (upp, t')>1 -1, VE€2¢,.
We denote this by lim,_, . 4, =y or y, — y as
£ — oo. ’
(ii) The sequence (u,) is Cauchy sequence if 0<r <1,
t'>6, and 3¢, € N so that M (o s th>1-r,
Ve, j=¢.
(iii) The, sequence (y,) is &-C auchy sequence if
0<r<l, t'>0 and 3¢, €N so that
M (ppuj t) =1, Ve j2e,.
(iv) (%, M,, *) is ©-complete if every €-C auchy se-
quence is convergent in %.

(v) (up) is said to be fuzzy cone contractive if 30 < p < 1
so that

1 1
— - 1l<ol—————— 1], fort'>0e>1.
M, (g phesrs t') Q<Ma(.“ef1>!4e» t') )
(1)

Definition 5 (see [19]). Leta FCM M“ be triangular in FCM
space (%, M,, # if

1 1 1
M, (o, t') ~ “(Ma(u,p, t) 1) +(Ma<p,w, t') 1)’
(2)

Yu,wp€%and t'>0.

Lemma 1 (see [18]). Let y € % in a FCM space (%, Ma, *)
and  (4,) be a  sequence in U Then,
te — p & M, (ppphs t') — 1 as £ — oo, for t' > 0.

Definition 6 (see [18]). Let (%,M(x, %) be a FCM space and
A: U — %. Then, T is called fuzzy cone contractive if
J0<p<1, so that
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1 1
1< ————— 1), Vpwe¥% t' >0
M, (A, Aw, ) Q<Ma(‘u,w, ) ) “
(3)

3. Main Result

Definition 7. Let (%,M,, ¥) be a FCM space, and let
a, 1 U XU xint(€) — [0,00) be two functions. We say
that h: % — % is a-admissible w.r.t n if

a(p,w, t")2n(u o, t")=a(hy, ho, t')

, (4)
>n(hy, ho, t'), VYu,w e U.

Note that in a special case, if we take 5 (4, w, t') = 1, then
Definition 7 is reduced to the a-admissible mapping (i.e.,
Definition 3.4 in the study by Gopal and Vetro [10]), and

Qhu o, t')= min{

Theorem 1. Let a FM M, be triangular in a G-complete
FCM space (%, M, %) and let h: U4 — U be an a-¢-fuzzy
cone contractive if the following axioms hold:
(1) h is an a-admissible w.r.t n
(2) 3y € U such that a(ug, by, t') =1 (g, hug, t'), for
t'>0
(3) The sequence (u,) in U with a(up thesr> t') = 1 (Ups
toor t'), V€N, t' >0 and y, — z as € — + oo,
then a(up,z, t')>n(upz, t'), Ve € Nand, t' >0

Then, h has a FP z € % such that hz = z.
Proof. Let y, € %, such that

o (o> hitg, t') 21 (1, g, t'),  fort' > 0. (7)

We choose a sequence
() € U, ie. pp=hy,  =h'uy, V€ € N. (8)

If yp,, = u,forsome € € N, then y, = pisaFPof hin %.
Otherwise, we assume that p,,, #4, V€ € N. Since the

Mot (M’ w, t,)’ Mot (‘bl, hﬂ’ tl)’

M, (@, hy, t'), M (0, haw, t')

also if we take a(y, w, t') = 1, then we can say that A is a
n-subadmissible mapping.

In the following, ® denotes the family of all right
continuous  functions  ¢: [0,+00) — [0,+00)  with
¢(1)<T1, VT>0.

Definition 8. Let (%,M,, *) be a FCM space, and the
mapping h: % — U is called a-¢-fuzzy cone contractive if
there exist three functions a, : % x % x int (%) — [0, c0)
and ¢ € O, so that

a(pw, )2 (e )= — ! 1
o, )20 (e, - R B e )
¢ s M, (hy, ho, t") ¢ Q(hu o, t")

(5)

where

}, Yu,we Ut >0. (6)

mapping h is an a-admissible wrt 5 and
o (o> hitg, t') =1 (ug, by, t'), for t' > 6, we have to find that

(s o t/) = “(hP‘Oshz.”m t,)

> (g, W, ') = 1 (> s £),

Sa(pp ) 20 (s p, t'), fort’ >0,
(9)
Continuing this process V¢ € N, we get
a(p pio1> t') 21 (o prosys '), fort’ > 6. (10)

From (5), we have

1 1
_— 1 = — -
M, (#e’.“mp t ) M, (h#e—phl% t )

>

1
Sl ——F=-1);
¢(Q(h’/f‘e1’!4e> t ) )
(11)
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where

1 1
— 1 = - = - 1)
Q(h, pg_ys g t') M (#p-1> g t)s My (15 bty t),
min
Moc (.“e» hue s t,)’Ma (/f‘e’ hyy, t’)
1
M, (/f‘efp!/‘w t,)’Moc (.“é’—l’/’te’ t,)> (12)
min

M, (4> thpsr» t')

1
= - 1L

min{M,x (Me-1> thes t/)’ sz (Me> thesrs t/)}

Now, from (11), for t' > 6, we have

1 1
M (g g t') <min{Ma (ttp-1s e t)s My (s s )} )
. ) o ¢ v
If M, (4p> Hp,1> t') is minimum for some € € N, then by M PO N
(13), we obtain a(#w#ew ) M, (Me_l,,ue, t )
1 y 1 -1. (15)

-1 <l =—F—-1|, 1
M, (4o prenrs t') M, (o prenrs t') N VG

1+ -1, M, (pp-1spier t')

<f
M, (o presr> ') This implies that
(14)

which is not possible. Hence, V¢ € N and t' > 6, we get M, (e tiper 1) > My, (#p_ps g ). (16)
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Thus, (M, (4p_1,Hp> t')) is an increasing sequence in
[0,1]. Let m, (t') =lim,__ M, (4 >t t'), we have to
show that m, (') = 1, for t' > 6. Let 3t'" >0 3 m(t'") < 1.

1 1
B e a—— 1. 17
Ma(ﬂbﬂeﬂ’t, ) (17)

Ma(#efpﬂe) tl*)

1 1
-1= -1,

Mu(.“e’#hp’ t’)

Using the right side continuity of a function ¢ and let the
limit £ — + 00, we obtained the contradiction as follows:

1 1 1

This implies that lim, . M, (4p_»tp» t') = 1, fort' > 0.
Let j>¢, where ¢,j € N and j=¢+ p, for a fixed p € N,

1
<= p = p = - -1—6, ast— oo
{Moc (bes thers (E'1P)) * My (or1s towns (E1p)) % --- % sz(luhp—l’/’lhp’ (t /P))}
(19)
This implies that lim,__ ., M, (¢, 4 i» t') = 1. Itis proved Now, by the view of Definition 4 (iii),
that the sequence (u,) is &-C auchy. Since (%, Ma, %) is
a(ppz, t')2n(ypz t'), VeLeN, t >0 (21)

g-complete, then 3z € % such that y, — zas¢ — + 00,
ie,

Jim Mo (u,z,t') =1, fort' > 6. (20)

1 1 1
-V - 1<l 1)|+
M, (z,hz, t') <M‘x (2, hosy» t) ) (Ma (Hge1ohz, )

Then, from (5) and (21), we have

1 1

N ==
Mlx (ﬂ€+1,hz, t ) Ma (h[zle, hz, t/)

where

If hz+z, ie, Ma (z,hz, t') <1, then t’ > 0. Since M,x is
triangular, we have that

1), fort' > 0. (22)

1
<4ty ) )
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1

1 ; ; . . -
Q(hppz, t') min{M“ (tp 2 t'), My (g Bt t'), My (2, by, t'), M, (2, hiz, t')}

>

1

- min{Moc (”Z’Z’ t’)’sz (.ué’.uéﬂ’ t’)’sz (Z’ﬂlﬂ’ t’)’Mtx (Z’ hZ, t’)}

1

—

min{l, 1,1, M, (z, hz, t')}

1
M, (z,hz, t')

Thus, to avoid the contradiction with ¢ (¢) <¢, for ¢>0,

1 1
l.ms ..—_1 S “7_1 5
[ <Ma(m+l,hz, ) ) <Ma<z,hz, ) )

-1 (24)

-1, asf — oo,

Corollary 1. Let (%, M,, *) be a ©-complete FCM space in
which M, is triangular, and let h: % — % be an a-ad-
missible. Assume that 3¢ € ©, so that

1 1
(25) a(pw, tY2l9—r——— 1< — 1 ,
s £) M, (hy, ho, t') e 1)
_ Thus, together with (20) and (22), we conclude that (26)
M, (z,hz, t') = 1=hz = z. O
where
Q(huw t')= min{Ma (4, w, t'), M, (1> hy, t'),M‘x (w, hy, t'),Ma (w, ho, t')}, Y, w €U, t' > 0. (27)

Assume that the following assertions hold:

(i) 3y € U such that a(py, hug, t') =1, for t' >0

(i) Any sequence (u,) in U with a(lp s t') 21,
VeeN,t'>0 and y,— z as £ — +o00, then
a(ppz, t')>1, Ve € Nand,t' >0

Then, h has a FP in %.

Corollary 2. Let a FM M, be triangular in a G-complete
FCM space (U,M,, =), and let h: 4 — U be an n-ad-
missible. Assume that 3¢ € ©, so that

) 1 1
)wst 51:>7,—1S ——1 5
1w, t') N, (o o, ) ¢(Q(h’ﬂ,w, o )

(28)

where

Qhuw t)= min{Ma (1> @, '), M, (s s 1), My (w0, s, £1), M (0, heo, )}, Vi, € %, £ > 6. (29)

Suppose that the following axioms hold:

(i) Iy € U such that n(uy, hyg, t') <1, for t' >0
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(i) Any sequence (u,) in U with a(lp s t') 21,
VeeN,t'>0 and y, — z as £ — + 00, then
a(ppz, t')21, Ve € Nandt' >0

Then. h has a FP in %.
Now, to establish the unique FP of an a-¢-fuzzy cone
contraction map, let the hypothesis (H) is given as follows:

(H) For all y,w € %, t' >0, Ap € U such that
a(wp, )20 ps t'), a(wp, t') 21 (w,p, t'),

. y -1 4 "y _ (30)
elinooM“(h php, t ) =1

Theorem 2. Adding the hypothesis (H) in Theorem 1, we
obtain the uniqueness of a FP of h provided the function ¢ € ®
is nondecreasing.

1 1
M(x(z, hgy, t’) <Ma (z,hz, t")

Proof. Assume that z and p be the two FPs of h in %. If
a(z,p, t')2n(z,p, t'), then by (5), we get z = p. Suppose
a(z,p, t')<n(z,p, t'), then from (H), 3y € %, so that

a(z,y, t'")2n(z, y,t'), anda(p,y, t')>n(p,y,t"), fort' >0.
(31)
Since h is an w-admissible w.r.t #, then we get
oc(z, hey, t') > 17(2, hey, t'), Ve e Nand,t' >0. (32)

Now, we have to show that M, (z,hy, t') — 1, as
¢ —> oo, for t' > 0. Since M, is triangular, then from (5)
and (31),

1
1) ’ <Ma(hz, Ky, t') - 1>

1
- (M‘X (2, hz, t") -

where z is the FP of h and for t' > 6,

(33)
1)+ S ) Y e ———]
M, (hz,h(h"'y), ") Q(hz,h "y, t')
B ! 1
Q(h, z,h 1y, t’) - min{Ma(z, Ky, t'),Ma (z, hz, t'),]\;la(hefly, hz, t/),l\'/.[a(hefly, Ky, t’)} ’
= ! -1 (34)
N min{Ma(z, hlily, t'), 1,]\./.[“<hefly,z, t'),]\./'[lx(hefly, hey, t')}

1
= <min{Ma(Z, h(_ly’ tl)’M“(hZ—ly’ hfy, tl)} - 1>,
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_ Let lyeN such that Again by the triangular property of M, and the view of
M, (z,h" Yy, t'Y <M, (W 1y, hfy, t'), V€>¢, and by the  (5) and (31),
hypothesis (H). Thus,

o 1

(35)

1
M (2hy. o )_1S¢< (Z’h" ot 1)’

S‘p(( (@ ha t 1>+< hzhf'y, ')_1>>

(36)
=¢<(M (z.hz, ¢ 1>+< hzhh“ M)t ’)_1>>
<¢2 ;—1
“T\a(hzhly ) )
where z is the FP of h and for t' > 6,
B ! 1
Q(h, z,h" %y, t') - m1n{ ( W2y, t ) M, (z, hz, t'),]\'/'Ia(he_zy, hz, t'),l\'/'[“(he_zy, Ky, t')} ’
- ! -1 (37)
- m1n{ (z,he 2y, t ) I,M‘x(hefzy,z, t'),Ma(hefzy,hefly, t')}

1

<m1n{ (Z)hl 2)/’ ),Ma(he_zy, he_ly, t')} - 1>,
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_ Let lyeN such that
M, (z,h" 2y, t"Y <M, (W 2y, h" 1y, t'), V€ > £, and by the
hypothesis (H). Thus,

1 1
=7 —1<¢’| =51, fort' >0
M,(z,hy, t') ¢ <Mu(z,he_2y, t') )
(38)
By continuing the same argument, we obtain

0y 1<¢t% (m - 1), fort' > 6.
(39)
Then, by taking the limit £ — oo, we get that
Wy —z (40)

Similarly, we can prove that

a(p, hy, t")a(w, ho, t') =71 (u, by, t')n(w, hw, t'

1
j'W(Ma (g ha, 1)

Yu,we U and t' > 0. Let the following axioms hold:

(i) Iy € U such that a(ug, hyg, t') =1 (g, hpg, t'), for
t'>0

(ii) Any sequence () in U with
& (g thosss )21 (ps fhpers '), VEEN, t' >0 and
e — 2z €U as € — +o0o, then a(u,z, t')>
Nz, t') and a(z,hz, t')2n(z,hz, t'), Vee
Nandt' >0

Then, h has an FP in %.

Proof. Let py, € % such that

a(po hpgs t') =1 (ug> hg, t'),  fort' > 6. (45)

o (phpys gy ) (phps gty 1) =17 (s Pty £)1 (ptgs s '),

Now, by (44), for t' > 6,

)s

1)<

Wy —p, ast — oco. (41)

Now, from (40) and (41), we get the uniqueness, i.e.,
z = p. Subsequently, we use the following classes of func-
tions in our results without M, triangularity condition.

Suppose that

¥ ={y: [0,+00) — [0, +c0)}, (42)
where y is nondecreasing and continuous, and

Dy ={¢: [0, +00) — [0, +00)}, (43)
where ¢ is lower semicontinuous, where
v(c)=¢(c)=0ec=0. 0O

Theorem 3. Let (%, M,, +) be a $-complete FCM space,
and let h: U — U be an a-admissible w.r.t n. Suppose that
Jy eV and ¢ € O, so that

(44)

1)

We define a sequence (y,) in % such that
o = hy,_, = huy, V€ € N. If y,,, = u, for some € € N, then
Up=p is an FP of h in %.

Otherwise, we assume that u,,, #u, V¢ € N. However,
the mapping h is an a-admissible wrt # and
o (o> hitg, t') =1 (ug» bk, t'). Now, we have to deduce that

1 1
‘”(Mam o t) 1) - “’(M o)

o (s s t') =l hptgy Wopigy ') 2 (s, Hopag, ) = 1 (g, 5 t'),

Sapypy t')2n(p . t'),  fort' >0,
(46)
Continuing this process V£ € N, we may obtain
(o thoers t') =1 (s 15 t'),  fort' >0, (47)
Clearly,
fort' > 6. (48)
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1
N
Moc (lLl[’ Het1> t )

If M, (ptp 15 tp t') = 1, then M, (4p phy,, t') = 1. Oth-
erwise, if M, (4y_y, 1 t') <1, then

1;/( ! 1><u/< ! 1) fort' >0
- -1, for .
M, (s thers t') M (po-y pher t)

(50)

Since ¥ is nondecreasing, we may obtain that
M, (fps thpey> t') = My (Up_ys php t'), V€ € N and, t' > 6. Thus,
(M, (tp_1» the» t')) is nondecreasing sequence in [0, 1]. Let
my (t') = lim,_ M, (4 > t'), t' > 6. Now, we have to
show that m, (t') = t', for t' > 0. If not, then 3¢' > 0 such

!

Journal of Mathematics

1 1 1
-1]= = -1]< —_— =1 - —_— =1 ). 49
> W(Ma (it byps t') ) W(Ma (Me-1sther t') ) ¢(sz (Ue-1thes t') ) 49

that m, (t') < 1. Therefore, by taking the limit £ — 0o on
(50), we get

()= ) )

(51)
which is a contradiction. Thus, we get that
elgnoon (He_prpher t') =1, fort' > 6. (52)

Let ¢, j € N such that j>¢ and j = £+ p, where p € N.
We have that

; . t . t - t
M, (.“e’#mp’ tl) =M, (!"e’l/‘eﬂ’E) *M(x(#fﬂ’#fﬂ’;) * o *Moc(#hpl’.uhp’;) — 1l xl=1, (53)

asf — oo, fort > 0.

Thus, (4,) is a £-C auchy sequence, and since the space
(U, M,, *) is G-complete, therefore, y, —> z € %. Now,
for any sequence (up) in 4 with
o (Ups thos> t') 21 (o thpsys t'), VL €N and t' > 6. By the
completeness of %, u,—z as £— 00,
a(ppz t')2n(upz t') and  a(z hz, t')>n(z hz, t'),
V¢ € N and t' > 0. Then, easily we may obtain

1 1
W<Mtx (‘um,hz, t,) ) w<Mo¢(h.”€’hZ’ t,) ) w(

L If M, (upz,t') =1, then
M, (p, hz, t') =1, fort' > 0. If M, (u,z t')<1, for
t' > 6, then we have

1 1
Moc (/"€+1’hz> t ) Ma ([lg,z) t )

1 1
ﬁ—l _(p(ﬁ_
M, (42 1) ) M, (42 1)

fort' > 0.
(54)

o (g pror> t)a (2 bz, 1) 211 (s 15 )1 (2, Bz, 1),

Now, from (44),

1), fort' >0. (55)

1>:>M‘x (Ug1shz, )2 M, (4pr 2, t') — 1, as€ — oo, (56)
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for t' > 6. Thus, we get that hz = z. O

Example 1. Let % = [0,00) and t'-norm is a continuous
norm. Let a FM M : % x % x (0,00) — [0, 1] be defined
as

!

M, (4, t") Yu,we U andt' >0. (57)

Hu-ol

Then, (U, M,, *) is a G-complete FCM space and a
FCM M, is triangular. Now, we define a mapping
h: % — % by

S ifuelol,
h(u) = (58)
3u, ifue (1,00).

Next, we define o, n: % x % xint(€) — [0,00) and
¢, y: [0,+00) — [0, +00), and we have

(3, ify,we[0,1], andt’ > 6,

a(pw,t') =1 (59)
, otherwise,

(2, ify,we [0,1], andt' > 6,

n(wwt)=9, (60)
—, otherwise,
L 5
v(é) = 2; and ¢ (&) = g vé € [0, +00). (61)

However, (%, M,, * ) isa ©-complete FCM space. Now,
first, we have to show that & is a-admissible w.r.t #. Since in
(59) and (60), a(y,w,t')>1 and 5(p w, t')>1 for all
pw € [0,1] and t' > 6 and a(y, w, t') =1 (y, w, t'), which
shows that « is admissible w.r.t # and h is an a-admissible
wrt 7, that is, a(hu hw, t')>n(hy ho, t') for all
thw € [0,1] and t' > 6. On the other hand, h(u) <1 for all
u € [0,1].If pu ¢ [0, 1], then, again by using (59) and (60), we
have that a (u, hy, t') = 3/4 and n(u, hy, t') = 2/5 for t' > 6
and so that a(u hy, ta(w ho, t') =9/16<1 and
n(phu, 'y (0 hw, t') =4/25<1, for t'>6, which is
contradiction. Similarly, if w ¢ [0, 1], then again we get that
a(u, hy, ta(w, ho, t') <1 and 4w, hy, t')n(w, ho, t') <1,
for t' >0, which is contradiction. Hence, a(y,hy, t')a
(w,hw, t') =1 and 7 (y, hy, t')n(w, ho, t') =1, for t' > 0. It
follows that the mapping h is both «-admissible and

o (u, hy, t")a(w, ho, t')>1

1
:jw(ﬂixh%hw,f)_

11
n-admissible and
a(u, hy, ta(w, hw, t') 21 (u, hy, tn (0, ho, t'), for t' > 6.

Now, if (y,) in a sequence in % such that

a (g tper> t') =1 and 7 (pp tpeys t') =1 for all €€ NU{0}
and y, — z as £ — + 00, then (y,) € [0,1] and hence
z€[0,1]. 'This implies that a(yyz,t')>1 and
N (e 2, t') =1 for all £ € N and t' > 6. Next, we prove that
inequality (44) of Theorem 3 is satisfied by using (59)-(61),
for all y,w € [0,1] and t' > 6

( 1 _1>_ (Ih,ufha)|>
o1, (ke 1)) =Y :

t/
2|y - hol _ 2|p - |

3t o
2ol Ju-w
3t 3¢/
1 1
= —_—1 = —_— 1.
W(Maw,t') )“’(Ma(y,w,t') >

(62)
That is,
a(u by, t)a(w, haw, t') =1 (u, by, t')n (w0, hw, t')  fort' >0,

1
Y 1
:’"/<M,x (hs, hoo, £) )

sw(%q)_gb(%_l) fort' 6.
M, (pw, t') M, (tw, t')
(63)

Hence, the conditions of Theorem 3 are satisfied, and the
mapping h has a FP in %, i.e., 0.

Note. In special case, by using metric space, the main result
of Dutta and Choudhury [37] for the mapping h is not
applicable; if we put g = 3 and w = 4, then we have

Y (g ) =25 = y (A 0) - 9 (@), (64)

Note. if we take # (4, w, t') = 1 in Theorem 3, then we obtain
the following two corollaries.

Corollary 3. Let (%, M,, %) be a G-complete FCM space,
and let h: U — U be an a-admissible. Suppose that Ay € ¥
and ¢ € O, so that

1 1 (65)
1)”(%(%«», 0 1) “b(Ma(y,w, 0 1)’



12

Yu,we U and t' > 0. Let the following axioms hold:

(i) uy € U such that a(py, hyy, t') > 1, for t' >0

(i) Any sequence (u,) in U with a(lp tp, t') 21,
VeeN,t'>0 and y,— z €U as £ — + oo,
then aypz, t')=1 and  a(z,hz, t')>1,
Vee Nt' >0

a(p hy, t"a(w, ho, t') <1
N R
v M, (hy, ho, t")

Yu,w € % and t' > 0. Let the following conditions hold:

(i) Iy € U such that a(puy, hyy, t') <1, for t' >0

(i) Any sequence (u,) in U with a(lp ., t') <1,
YeeN,t'>0 and yp— z€ U as £ — +oo,
then aypz, t')<1 and  a(z hz, t') <],
Vee Nt' >0

Then, h has a FP in %.

4. Supportive Application

In this section, we present an integral type application for FP
to support our result.

Let

u(r) = f(0) + J;K(T,é,y(é))dé, Vrelor =1,
(67)

where r>0. Let % =C(I,,#) be a Banach space of all
continuous functions defined on I,. The induced metric is
defined by

d(u w) = sup lu(r) —w(2)l, @weC(l,R) (68)

el

Let 0, * 0, = 0,0, V01,0, € [0,1] and consider the
fuzzy metric be defined as follows:

!

t

i

jiia (!"(0’ t,) =

for t' >0 and p, w € C(I, R). The space (C (I, R), M, *3)
is @-complete FM space indeed by the Banach space
C(Iy, #). Now, here we discuss an integral type application

Journal of Mathematics
Then, h has a FP in %.

Corollary 4. Let (%, M,, %) be a G-complete FCM space,
and let h: U — U be an a-admissible. Suppose that Ay € ¥
and ¢ € O, so that

1 1 (66)
1)”<Ma<u,w, o 1) “P(Ma(y,w, e 1)’

for FCM space and prove the existing solution for the in-
tegral equation (67).

Theorem 4. . Let h: C(I), R) — C(1y, R) be an integral
operator defined as follows:

h(u(D) = f (1) + j ;x(r,é,u(é»dé, (70)

where t € Iy, f € C(1y, R), and x: Iy x Iy x B —> R, that
is, xkeC(yxIyxR,R) satisfies the following:
3g: I, * 1, — [0, +0c0) such that , Vrelyg
(1,.) € LY (I, R), Y, 0 € C(1y, R), and V1,5 € I, and we
have that

(55,14 (8) = (1, 5, 0 () < g (1, B )y (71)

where

’ ’ ' ]
sup |u(s) = w(s)l, suplp(s) = h(u(s)),
sel, sel

B (h, 4, w) = min , , , , ,
sup |w(s) = h(u(s))l, suplw(s) —h(w(s))|

sel, sely

(72)

! !
where I;g(r,s)ds is bounded on I, and the

! !
SUP.¢p, _[g g(1,s)ds <A< 1. Then, the integral equation (67)
has a solution y* € C(1y, R).

Proof. 'The integral operator h is defined in (70). Now, we
have to apply Corollary 1, for all y, w € C(I,, ®), and by the
view of (69)-(71), we have
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1 . d (hy, hw)
M, (hy, ho, t') B 7

h(w(7))|

squ |h(u(1)) -

!

t

=L sup JO (1, 5, 4 ()) = K7, 5 0 ())]ds (73)

t Tel,

1 T ! !
<— sup J g(7,8)B(h, y, w)ds
t 1el, J O

— B (h, y, w) sup J g(1,s)ds.

Tel, J 0

Then, we have the following four cases:

1) 1f sup:_ Lu (s) w(s)l is the minimum term in (72),

thenB(h W w) = sup Iy(s) w(s)l Now, by the view
sEI0

of (69), (71), and (73), for t' > 6, we have

1

W -1< tl' sup |p (s) - w(s)l sup Jo g(1,s)ds,

7€l
SGIO

T ! !
d(/,t, w) sup ,[0 g(7,s)ds

Tel,

A(W)
)_1),

1
= A’ —_—
(Q (hu w, t'
where Q(h,/,;, w, t') :,]\7[“ (4, w,
2) If sup: e (s) —
(72), then B (h, 4, w) = sup:

(74)
t"), for t' > 6.

h(p(s))| is the minimum term in
16 = ()] Now,

by the view of (69), (71), and (73), for t' > 6, we have

1 1 ! !
RCATRI e sup lu(s) - h(u<s))|§3;;j (5, 9)ds,

sI(,

! !
< ,d(y,hy)supj g(7,s)ds

el

Y (R S—
—\M, (s t)

1
M1,
)‘<Q<h,u,w,t'> )

(75)
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where Q (h,  , t' =,Ma (4, hu, t'), for t' > 6.

3) If sup: |w(s)

(72), then B(h,p,w) = sup Iw(s)
seI(,

the view of (69), (71), and (73), for t' > 6, we have

h(u(s))| is the minimum term in

(4 (5))]. Now, by

1 1 1] ' . .
M, (ko 0) T —h ,s)ds,
M, (hy, ho, t") <5 §LIIPIw(s) (#(s))lig}oa Jog(T s)ds
sel,
1- T [
<7d(w hy) supj (1,s)ds
0

T€l,

<M (@, hu, ¢! 1>
( h%@t) )

where Q (h, y w, t" = M (w,hu, t'), for t' > 6.
(4) If sup: Iw(s) h(w(s))| is the mlmmum term in
(72), then B(h,p,w) = suplw(s) h(w(s))l
sel,
by the view of (69), (71), and (73), for t' > 6, we have

1
M, (hy, haw, t')

(76)

Now,

! !

-1< 1, supr(s) h(w(s))IsupJ (7, s)ds,
t ; rely J O

SE 0

1 - T ro
S—,d(w,ha))supj g(7,s)ds

t T€el,

( whw,t) 1)
(Q@wm )

where Q (h, u, w, t') = M, (w, hw, t'), for >0.

(77)

Hence, in all the cases, it is obvious that (26) holds with
¢(c)=Ac,Vc=0and a(p, w, t') =1, Yy, w € C(Iy, R) and
t' > 0. As we have mentioned above, C(I, 0 &) is complete
and then the FCM space (C (I, R), M, *3) is G-complete
in which M is triangular. The other conditions of Corollary
1 are fulfilled immediately. We deduce that the operator h
has a FP u* € C (I, #) which is the required solution of the
integral equation (67). O

5. Conclusion

In this paper, we have presented the mappings, and h is
a-admissible w.r.t  and a-¢-fuzzy cone contraction in FCM
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spaces. Using this kind of contractions, we proved FP
theorems for &-complete FCM space in the sense of George
and Veeramani with an illustrative example. Moreover,
some extended results in the form of corollaries are dis-
cussed. An application is presented to support the concepts
defined in the paper. This integral type application is also
illustrative of how fuzzy metrics can be used in other integral
type operators.
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