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ABSTRACT 

This paper presents a solution algorithm for sohing the transportation 
problem having fuZLy parameters in the constraints. A parametric study is 
carried out for this problem. Some basic stability notions are defined and 
characterized for the problem of concern. These notions are the set of feasible 
parameters. the solvability set and the stability set of the first kind. Finally. an 
illustrative numerical example is given to clarifv the theory and the solution 
algorithm 
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1. INTRODUCTION 

Transportation problems are generally concerned with the distribution of certain 
product from several sources to numerous locations at minimum cost. Suppose 
there are m warehouses \vhere a commoditv ts stocked. and n markets \vhere it is 

needed. Let the supply available m the \varehouses be a
1

, a
1

, ••• ,am and the 

demands at the markets be b1 , b1 , , b, The Lmit cost of shipping from warehouse 

i to market j LS $clJ. (If a particular \\arehouse carmot supply a certain market. we 
set the appropriate c,1 at +x) The objective ts to minimize the total cost of 
transportation from all the warehouses to all the markets 
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The application of the general transportation problem (GTP) is not limited to 
transporting commodities between sources and destinations. The generalized 
transportation problem was first posed by Ferguson and Dantzig [7] in a paper 
discussing the allocation of aircraft to routes (see also [10,11,13]). Many papers are 
introduced for solving such problems. For example Chames and Cooper [5], 
Garvin [8] and Hadley [9]. A dual method for solving GTP was presented by Balas 
[1] and an operator theory of pa,.rametric programming for GTP was presented by 
Balachandran and Thompson [2-4]. 

This paper is organized as follows: In section 2, some basic definitions on fuzzy 
set theory are introduced. In section 3, we formulate the GTP having the supply 
available in the warehouses a; as fuzzy parameters (FGTP). Section 4 is devoted to 
a parametric study on the FGTP. In section 5, we propose a solution algorithm to 
solve the problem of concern. In section 6, an illustrative numerical example is 
given to clarify the theory and the solution algorithm. Finally, section 7 contains 
the conclusions. 

2. FUZZY CONCEPTS 

L. A. Zadeh advanced the fuzzy theory at the university of California in 
1965. The theory proposes a mathematical technique for dealing with 
imprecise concepts and problems that have many possible solutions. 

The concept of fuzzy mathematical programming on a general level was first 
proposed by Tanaka et al ( 197 4) in the framework of the fuzzy decision of Bellman 
and Zadeh [14]. Now, we present some necessary definitions [6]. 

Definition 1 

A real fuzzy number a is a fuzzy subset of the real line R with membership 
function J..la: satisfies the following conditions: 

(1) 1-la is a continuous mapping fromR to the closed interval [0,1]. 

(2) 1-la (a) = 0 V a E (-oo, ai]. 

(3) J..la: is strictly increasing and continuous on [aJ. a2]. 

(4) 1-la (a)= 1 V a E [a2, a3]. 

(5) 1-la (a) is strictly decreasing and continuous on [a3, a4]. 

(6) 1-la (x) = 0 V a E [a4, +=). 
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where a1. a2, a3 and a4 are real numbers, and the fuzzy number is denoted by 

Definition 2 

The fuzzy number a = [ab Gz, a3, a4] is a trapezoidal number, denoted by [ah 

a2, a3, a4], its membership function lla is given by (see Fig.l): 

0, a<5,a, 
1 

1-(a-a,J' a <5,a<5,a, 
a -a 1 2 

1 2 

J.l,.(a) = 1, a <5,a<5,a, 
2 3 

1-( a-a, r a <5,a<5,a, 
a -a 3 4 

4 3 

0, otherwise 

lla:(a) 

-1---------------.--------, 

a 
0 a1 az a3 a4 

Fig.l Membership function of a fuzzy number a . 

Definition 3 

The a-level set of the fuzzy number a is defined as the ordinary set La(a) for 

which the degree of their membership function exceeds the level aE [0,1]: 
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3. PROBLEM FORMULATION 

The problem of consideration is the following fuzzy general transportation 
problem (FGTP): 

m n 

(FGTP): Min Z = L L ciJxiJ 
i=l j=l 

Subject tos 

warehouse i) 

marketj) 

n 

_Lxij~ai 
j=l 

m 

_LxiJ ~bj 
i=l 

i=1,2, ... ,m 

j=l,2, ... ,n 

V pairs (i,j). 

(supply restriction at 

(demand requirement at 

where ai' i = 1' 2, ... 'm represent fuzzy parameters involved in the constraints 

with their membership functions are J!a . For a certain degree a together with the 
l 

concept of a-level set of the fuzzy numbers ja; ,j therefore problem (FGTP) can be 

understood as the following nonfuzzy general transportation problem (P1): 

i=l j=l 

Subject to 
n 

_LxiJ ~a; 
j=l 

i=l 

a; E La(a;) 

xij~o 

i=1,2, ... ,m 

j=1,2, ... ,n 

i = 1, 2, ... , m, 

V pairs (i,j) 

where La (a;) are the a-level set of the fuzzy numbers a;. The above problem can 

be written in the following equivalent form: 

m n 

(P2) Min Z = L L ciJxiJ 
i=l j=l 
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Subject to 
n 

Ixij ::;;a; 
j;J 

j;J 

i=1,2, ... ,m 

j=1,2, ... ,n 

h;0 
::;;a; ::;;H;0 i=1,2, ... ,m 

Xij ~ 0 V pairs (i, j) 

It should be noted that the constraint (a; E La (aJ) has been replaced by the 

constraint h;0 
::;;a; ::;;H;0 ,i=1,2, ... ,mwhere h;0 and H;0 are lower and upper 

bounds on a; and they are constants. 

4. A PARAMETRIC STUDY ON PROBLEM (P2) 

The parametric study of the problem (P2) where h;0 and H?, i = 1, 2, ... , m are 

assumed to be parameters rather than constants can be understood as follows: 
Let X(h, H) denotes the decision space of problem (P3), defined by: 

n m 

X(h, H) = {(xij' a;)E Rm(n+l) j a;- Ixij ~0, Ixij -bj ~0, H; -ai ~0, ai -hi ~0, 
j;J j;J 

i = 1, 2, ... , m; j = 1, 2, ... , n} 

Some Basic Stability Botions for the Parametric Problem 

In what follows we give the definitions of some basic notions for the parametric 
problem. These notions are the set of feasible parameters, the solvability set, and 
the stability set of the first kind (see [12]). 

The Set of Feasible Parameters 

The set of feasible parameters of the parametric problem, which is denoted by 
U, is defined by: 

U = { (h, H) E R2
m I X(h, H) :f:. <j>}. 
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The Solvability Set 

The solvability set of the parametric problem, which is denoted by V, is defined 
by: 

V = { (h, H) E U J problem (P3) has a-optimal solutions}. 

The Stability Set of the First Kind 

Suppose that h *, H* E V with a corresponding a-optimal solution (x~, a;) of 

parametric problem. The stability set of the first kind of parametric problem which 
is denoted by 

S (x~,a;) is defined by: 

S (x~,a;)= {(h, H) E VI (x~,a;), i=l, 2, ... ,m; j=l, 2, ... ,n is a-optimal 

solution of parametric problem}. 

Utilization of the Kuhn-Tucker Conditions Corresponding To 
Parametric Problem 

The Lagrange function of parametric problem can be written as follows: 
m n n n m n 

L= LL cijxij +A.Jai- Ixij)+1JJLxij-b1 )+pkLL xij + 

m m 

L B/ai -hi)+ L fJ/Hi-ai), k = 1, 2, ... , nm 

then, the Kuhn-Tucker necessary optimality conditions corresponding to the 

parametric problem at the solution (x~,a;), j=1,2, ... ,n; i=1,2, ... ,m will 

take the form 
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n 

a;- Ixu ~0 
j=l 

i=l 

H; -a; ~0, 

xu~O 
n 

i=1, 2, ... ,m 

j = 1, 2, ... , n 

a; - h; ~ 0, i = 1, 2, ... , m 

V pairs (i,j) 

A; (a; -I xu)= 0 i=1, 2, ... ,m 
j=l 

m 

lli( Ixij -bj) = 0 j =1, 2, ... ,n 
i=l 

i=1, 2, ... , m 

f3;(H; -a)=O, 8;(a; -h;)=O, i=1, 2, ... ,m 

Pkxu=O Vpairs(i,j), k=1,2, ... ,mn 

13;, llk,Ah 9;, Pk ~ 0, i = 1, 2, ... , m; j = 1, 2, ... , n; k = 1, 2, ... , mn 

where all the relations of the above system are evaluated at ex;' a;) and 9;, f3;, ,YJh 

Ph Ak are the Kuhn-Tucker multipliers. The set T (x;, a;) is the set of parameters h 

and H for which the Kuhn-Tucker necessary optimality conditions corresponding 

to parametric problem are utilized at (x;, a;). Clearly, this set can be considered 

asasubsetfromthesetS(x;,a;),i.e. T(x~,a~) cS(x~,a~). 

5. SOLUTION ALGORITHM 

In this section, we describe a solution algorithm for solving the (FGTP). In this 
algorithm, we will use the Vogel's Approximation Method (V AM) define a penalty 
for each row and column. This penalty is the absolute difference between the 
smallest and the next smallest cost in a given row or column. Next, the row or 
column with the largest penalty is identified and the variable that has the smallest 
cost in that row or column is selected as the next basic variable. 
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Step 1 Determine the points (ab a2, a3, a4) for the fuzzy number in the formulation 
problem (FGTP). 

Step 2 Convert the problem (p1) in the form of the problem (p2). 

Step 3 Formulate the problem (p2) in the parametric form of parametric problem. 

Step 4 Apply V AM to get the basic feasible solution. 

6. AN ILLUSTRATIVE EXAMPLE 

Consider a transportation problem with three warehouses and four markets. The 
market demands are b1 = 4, b2 = 3, b3 = 4, b4 = 4. The warehouse capacities are 
given as fuzzy numbers as follows: a = (1,2,5,7)' a = (3,7,8,9)' 

1 2 

a = (1,3,5,6) . The following table gives the unit cost of shipping: 
3 

M1 Mz M3 M4 
W1 2 

I 

2 

I 

2 

I 

1 
Wz 10 8 5 4 
w3 7 6 6 8 

The transportation table is given by 

Xu 2 x 12 2 X13 2 X14 1 
Xz1 10 x22 8 Xz3 5 x244 

X317 X32 6 X33 6 X34 8 

Demands 4 3 4 4 
with a = 0.36 and applying definition of membership function, we get 
1.2 ~ a1 ~ 6.6, 3.8 ~ az ~ 8.8, 1.4 ~ a3 ~ 8.8 

The nonfuzzy problem can be written as follows: 

Min Z = 2xu + 2xl2 + 2xl3 + x14 + 10x21 + 8xzz + 5xz3 + 4xz4 + ?x31 + 6x32 + 
6x3o + 8x34 

Subject to 
a1 -xu - x12- X13 - X14 2:: 0, 

az - Xz1 - Xzz- Xz3 - Xz4 2:: 0, 
a3 - X31 - X32- X33 - X34 2:: 0, 
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Xu + Xz1 + X31 ~ 4, 
X12 + Xzz + X3z ~ 3, 
X13 + Xz3 + x 33 ~ 4, 
X14 + X24 + X34 ~ 4, 
1.2 ~ a1 ~ 6.6, 3.8 ~ az ~ 8.8, 

So we can get the following results: 

x;1 = 3, x;z = 0, x;3 = 0, x;4 = 0, x;1 = 0, x;z = 0, x;3 = 3, x;4 = 4, x;1 = 1, x;z 

= 3, x;3 = 1, x;4 = 0 with the a-optimal parameters a;= 3, a; = 7, a;= 5. 

The parametric form of the above problem is stated as follows: 

Min Z = 2xu + 2xl2 + 2xl3 + X14 + l0xz1 + 8xzz + 5xz3 + 4x24 + 7x31 + 6x3z + 
6x33 + 8x34 

Subject to 
a1 -Xu - X12- X13 - X14 ~ 0, 

az - Xz1 - Xzz - Xz3 - X24 ~ 0, 
a3 - X31 - X32 - X33 - X34 ~ 0, 

Xu + Xz1 + X31 ~ 4, 
X12 + Xzz + X3z ~ 3, 
X13 + Xz3 + X33 ~ 4, 
X14 + X24 + X34 ~ 4, 

H1 - a1 ~ 0, Hz - az ~ 0, H3 - a3 ~ 0, a1 - h1 ~ 0, az - hz ~ 0, a3 - h3 ~ 0, 
Xu, X12, X13, X14, Xzb Xzz, Xz3, Xz4, X31, X3z, X33, X34 ~ 0. 

The Kuhn-Tucker necessary optimality conditions corresponding to the above 
parametric problem will have the form: 

P1 + 111 - A1 = -2, Pz + 11z - Az = -2, P3 + 113 - A3 = -2, 
Ps + 11s- As= -10, P6 + 116- A6 = -8, P1 + 111- A1 = -5, 
pg + 119- Ag = -7, P10 + 1110- A10 = -6, Pu + 11u- Au= -6, 
A1 + 81 - 131 = 0, Az + 8z - 13z = 0, A3 + 83 - 133 = 0, 
A1 (a1 -xu - x12- X13- X14) = 0, Az (az- X21 - Xzz- X23- x24) = 0, 

P4 + 114 - A4 = -1, 
Ps + 11s - As = -4, 

P12 + 1112- A12 = -8, 

A3 (a3- X31 - X3z- X33- X34) = 0, 111 (xu+ Xz1 + X31 - 4) = 0, 11z (x12 + Xzz + X3z- 3) = 
0, 
113 (x13 + X23 + X33- 4) = 0, 114 Cx14 + Xz4 + X34- 4) = 0, 
131 CH1 - a1) = 0, 13z (Hz- az) = 0, 133 (H3 - a3) = 0, 
81 (a1 - h1) = 0, 8z (az- hz) = 0, 83 (a3- h3) = 0, 

173 



Saad and Abass 

P1Xu = PzXIz = P:JX13 = P4XI4 = PsXzi = P022 = P1Xz3 = PsX24 = P(}X3I = P1oX3z = PuX33 
= P12X34 = 0. 
a1 -xu - x12- X13 - X14 ~ 0, az- Xzi - Xzz - Xz3 - X24 ~ 0, a3 - X31 - X3z - X33 - X34 ~ 0, 

Xu+ Xz! + X31 ~ 4, X12 + Xzz + X3z ~ 3, X13 + Xz3 + X33 ~ 4, X14 + Xz4 + X34 ~ 
4, 
H1 - a1 ~ 0, Hz - az ~ 0, H3 - a3 ~ 0, a1 - h1 ~ 0, az - hz ~ 0, a3 - h3 ~ 0, 
Xu, X12, X13, X14, Xzj, Xzz, Xz3, Xz4, X31. X32, X33, X34 ~ 0. 
p~. Pz, p3, p4, Ps. P6· P1• Ps. p9, Pw. Pu. P12· A.~. Az, A3, A4, As, A6, A7, As, A9, Aw, Au, 
A12, 11~. llz, '113· '114. lls. '116. '111· lls. '119. llw. llu. '1112. 8~. 8z, 83, 13~. 13z, 133 ~ 0. 

Where all relations of the above system are evaluated at the solution (x;, a;)= 

(3,0,0,0,0,0,3,4,1,3,1,0,3,7,5). From this system, it can be shown that: 
P1 = P7 = Ps = P9 = Pw = Pu = P12 = A1 = Az = A3 = A4 = As = A6 = A7 = As = A9 = Aw 
=Au,= A12 = llz = '113 = '114 = lls = '116 = '1112 = 0, Pz = P3 = -2, P4 =-1, Ps = -10, P6 =-
8, '111 = -2, '117 = -5, lls = -4, '119 = -7, '1110 = -6, llu = -6, 81 = 13~. 8z, = 13z, 83 = 133· 
The stability se of the first kind of problem P3 is given by 

• • 6 I S(xij'ai )= {h~. hz, h3, H 1. Hz, H3 E R h1 = H1 = 3, hz= Hz= 7, h3= H3 =5}. 

The set of feasible parameters is expressed as follows: 

7. CONCLUSIONS 

In this paper, we have proposed a solution algorithm for solving the generalized 
transportation problem with fuzzy parameters in the constraints. Some basic 
stability notions for the problem of concern have been defined. These notions are 
the set of feasible parameters, the solvability set and the stability set of the first 
kind. A parametric study has been carried out for this problem. An illustrative 
example has been given to clarify the theory and the solution algorithm. 
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