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ABSTRACT

Walsh sequences of the order 2%, k positive integer, form an additive group generated by
Rademacher sequences set of k-order. Except the zero sequence, Walsh sequences form an
orthogonal set. Our present work allows us to generate 252 sets of sequences. Each of these sets is
equivalent to the Rademacher sequences set of k-order, and to that related to Walsh sequences.
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1. Introduction

In 1923, J. L. Walsh [1] defined a system of orthogonal functions that is complete over the
normalized interval (0,1).

The method of specifying the Walsh functions of arbitrary order N =2k, k=12,... had been a

problem of considerable difficulty until the year 1970, when Byrnes and Swick [2] showed that
Walsh functions could be obtained from Rademacher functions and from the solutions of certain
differential equations. Byrnes and Swick considered the inherent symmetry properties of the Walsh
functions. Walsh functions of order N are defined as a set of N time functions, denoted by

W ()1 €(0,T),j =0,,...,N —1}, such that

« W, (¢) takes the values {+ 1,—1} except at the jumps, where it takes the value zero.
(0)=1 for all j.

(t) has precisely j sign changes (zero crossings) in the interval (O,T )

0,j#k

T,j=k

W,
;

:,[Wj (t). W (t)dt = {

Each function W7, (#) is either odd or even with respect to the midpoint of the interval,

A set of Walsh functions is ordered according to the number of zero crossings (sign changes)
{WO (t),Wl(t),...,Wj (t),...,Wn_1 (t)} This set forms a multiplicative group. Graphs of the Walsh

functions of order 8 are given in Figure 1.
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Figure 1. Walsh functions of order 8 = 2°

Walsh sequences of order 2, which are generated by the binary representation of Walsh functions
of order N =2, form a group under modulo 2 addition (addition group). The set of these
sequences except W, forms an orthogonal set. Tables 1, 2 and 3 show the sequences of order

22, 23 and 2% respectively.
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Index Walsh Sequence
Sequence of order 4=27
00 We=0000
01 Wi=0011
10 W=0110
11 W;=0101

Table 1. Walsh sequences of order 4=2°

Index

Sequence

Walsh Sequence
of order 8=2°

000
001
010
- 011
100
101
110
111

Wo=00000000
Wi=00001111
W,=00111100
W;=00110011
W4s=01100110
Ws=01101001
We=01011010
W;=01010101

Table 2. Walsh sequences of order 8=2°

Walsh Sequence
Wo= (0 0 0 000O0O0O0OO0OO0O0 0 0
W= 0000000011 111111
Wo= 0000 11111111000 0
W3= 00001 1110000T1T1T11
Wa= (O 0 1 1 1 10000T1T11 10 0)
Ws= (001 111001100001 1)
We= (001 100111100711 0 0)
W7= 0011001 100T1100T11
Wg= (01100110011 00T11 0
Wo= (01 1001101001100 1)
Wo= (011 01001100T10T1 1 0)
Wii= 01 1010010110710 0 1
Wia= 0101 10100T10T1T1O0T10)
Wiz= O 1 01 101010100101
Wia= 01 0101011010101 0)
Wis= 01 0101010101010 1

Table 3. Walsh sequences of order 16=2*
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The Walsh functions can be generated by any of the following methods:

1. Using Rademacher functions.
2. Using Hadamard matrices.
3. Exploiting the symmetry properties of Walsh functions [3,4].

Walsh functions (or sequences) are used widely as orthogonal sets in the forward and inverse link of
communications channels in the CDMA systems especially in the pilot channels, the Sync channels
and the Traffic channels [5,6].

This work aims to generate 2* sets of sequences equivalent to Rademacher sequences of order £,
and the same number of isomorphic sets of Walsh sequences set by using division ring and then to
find recursive formulas to generate them.

2. Basic Definitions

Definition 1.

The set of functions (f, )ie] piecewise continuous on the interval (0,T) is said to be orthogonal
normalized and complete if the following conditions are satisfied:

T
1. Orthogonality: Iﬁ(t).fj(t)dt=O;i,je],i¢j.
0

T
2. Normalization: Iff (t)dt=T,viel.
0

3. Completion: each function piecewise continuous on the interval (0, T ) can be approximated by a
linear combination of these functions [7].

Definition 2.
Rademacher functions {R,(s); 1€(0,7),n=1,2,.., logy N =k} of order k are a set of 1+1log, N

orthogonal functions consisting of N = 2* rectangular pulses that assume alternately the values +1
and -1 in an interval of (0,T).

The Rademacher {R, (¢)} functions can also be defined by

R, (t) = sgn(sin 2" ﬂtl te (O,T), n=12,..,logo N=k
where R,(t)=1, and

-1; for x<0
sgn(x)é 0; for x=0
1; for x>0

The Rademacher functions are constructed as follows. First, R,()=1, i.e, R,(t) is the function

with the value 1 over the entire interval of duration T. Then, to obtain R,(¢) divide the interval
(0,7) in half, and let the value of R,(¢) be 1 in the first half and —1 in the second half.
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R(t)=4-1, te

Similarly, construct R, (¢) in the form

R,(1)=1-1, te

Recursively, each subinterval is divided into two halves. The values 1, -1 and 0 are given to the left
half, right half and midpoint, respectively.

They are orthogonal and are represented in the form of ‘binary sequences by using the logic
representation "1"— 0 and "-1"— 1.

For example, the Rademacher sequences of order k= 3 are

Rp= (0 0 0 0 00 00

R= O 0001 110D

Rh= (0 0110011

Rz3= (0 1 010101

The Rademacher sequences of order k = 4 are

Ry=© 00 000O0O0OO0OO0OO0OO0OOO0OO0OO0
R=®©®000000O0OT11T111T110D
RHh=0O0001T 11 100001T111
Ry3= 00110011001 10011
Rg= ©®1 010101 0101O0T1O01D

Definition 3.
Suppose x =(x,,%,,...,x,,) and y= (Yo, 1.1, ) are vectors on GF(2)=1{0,1} with length n.

- The autocorrelations function of x and y, denoted by R__, is

X,y

n—1

R, =30

i=0
where x; + y, is computed mod 2. It is equal to the number of agreements components minus the
number of disagreements corresponding to components [2].
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Definition 4.
Suppose G is a set of binary vectors of length n
G={X;X =(x0,%],..,%, ), X, € F,={01},i={0,...,n-1}

Let] =—1and 0" = 1. The set G is said to be orthogonal if the following two conditions are
satisfied

n-1
VXeG, Y x ef{-101}, or [Ryg|<l.
t=0 '
VXY eG(X#Y), Txyi 101, or |Ryy[<1.

That 1s, the absolute value of “the number of agreements minus the number of disagreements” is
equal to or less than 1 [7].

3. Plan for Generating Walsh Sequences
3.1 First Step
We take the division ring (Z /mZ, +, - ), m = 2%, with the mathematical operations ;; = ;c_y

and x + ; =x+y,where x denotes left coset. Suppose

w:Z/mZ = {6,T,...,2K —1}—> Z, ={012,...25 -1} w(x)=x

where  is an isomorphism and Z ,+ forms a ring for which the multiplicative operation is given
in Table 4.

. 0 1 2 3 4 2L a2k | 2k

0 0 0 0 0 0 0 0 0

1 0 1 2 3 4 2t okl b 2K

2 0 2 4 6 8 0 2 . | 252

3 0 3 6 9 12 2kl 3 . | 253

4 0 4 8 12 16 0 4 e | 2¢-4
T 0 [ 2 0 22 [ o | o [ o [ 2 | [~
251 0 2 | 2X2 | X3 2F4 2kt 2k 1 1

Table 4. Products of Z Y

Arranging up-down the rows #g,h,..., hzk _; and arranging left-right the columns
COacla'”aczk_l , We find

o All elements of %, are zero, and A, contains all elements of the ring in order.

® h, is double to %, and contains all multiples of 2 in order repeated twice or 2' times.




Generation of Sets of Sequences Isomorphic to Walsh Sequences

e I, =h? is double to h, and contains all multiples of 4 in order repeated 4 times or 2°.

Recursively, we find that the row hz’ , t=12,...,k—1, is obtained from the row hy-1 by

" multiplying its products, and hy contains (O 2"‘1) repeated 2™ times but h.k is a zero row.

Suppose @ = [0 1] is a matrix whose elements are from Zx and
h 50
a),(cl) _ h?l
N

Then, @ ! can be obtained using the recursion

hl

(1)

Suppose ;((H = la,. j Jn m) (whose elements are of Z,¢) = l}( (a,- j )Jn , and ;((h,. ) = H,. By computing
the image of Table 4 along with y, we get the binary representation of products defined on Z.,; .
k time

K .
Suppose (S ) = (SS .S ) Note that each double operation of 4, halves every zero or one interval
of binary representation into zero left half and one right half.

“H, = (0f -1, =0 0

..................................................................

*H, = ((0)2""" Q" )z . 1=0,... k=2

Heo=0 5 H, -0

2

The rows H,,H,,...,H ., are identical with Rademacher sequences R,,R,,...,R,. These

sequences are odd (the elements of the sequences symmetric about the midpoint are disagreements)
and linearly independent. They can be obtained recursively from the matrix

Hl
H, H,
WO =| Hy =] , K22
R LU (4
_H 26 ]
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where W, =[0 1] is called the seed matrix.

The matrix W,?) generates Walsh sequences of order 2*, denoted by ¢ ,fl) , by taking all linear
combinations of the rows of W,?).

Astudy of Z,; k=2,345,6, shows that the binary representation of multiplication table on Z
contains only the sequences

Hy\, =Hy,+Hy,, 2=0,.,k-2 ,H, =R,

2).
L.e. the rows which are linear combinations of the rows of W) Consequently, the number of Walsh
sequences in the table of binary representation is only 2%.

For example, when m =2%, we have 224 = {0,1,2,...,15}. The products on the ring 224 and the

binary representation of these products are given in Tables 5 and 6 respectively.

oOjojJ1t2(3]45|6]l718]9l1ol11]12]13T14715
ojlofjojojJofofo|lolo|lo|[ofoO 0(0]o0fo0
11011 [2]3)4f[s5]6]78]9l1of11]12]13[14]15
210)2fa4]6]8f10]12]14[0] 214 8§ [10]12]14
310131619 (12]15|2]5]8f11lwa]l14a]7]10]13
41014 [8J12/04]8|12]0]48]12]l0]4]8]12
5105 ]10(15l4 914381327121 ]6]11
6 106 12|28 14]4f10]0]6|12]2]8]14] 4710
710711451213 ]10(1]8J15{6|13]411]2]09
8lo[8lof[8lo]|8[o|{8]o|[sg|[o]|s|o]s]|ols
91019 |2 (114|136 ([15]8 1 ([10]3 12511477
10fojJ10]4 {14182 |12]6|0f10]l4]14|8]|2]12]%6
1nfojiur|eé6frj2]7 (2113813149 4]15]10]35
12{0j12{8|4]o0oj12]8]4|0]12]S8 0]12]/8 ] 4
130 f13J]10] 74 ]1]14f11]8]|5]2]15]12]9]6]3
14101412101 8|6 |4 |2]0f14a]12{10[8 6] 412
1500 ]15{14|13]12f{11(l10]9]8]7]6 4131211
Table 5. Products in Z 4

[0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15]
wo=/0 2 4 6 8 1012 14 : 0 2 4 6 8 10 12 14

0 8 12 0 4 8 12 ¢ 0 4 8 12 0 4 8 12

0 8 0 8 0 8 0 8 ! 0 8 0 8 0 8 0 8]
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ol 1] 2] 314f5]6]718{9]10j11]/12}13]14}15
olololololojolololo]joO] ofOof O] Of O} O
1{olofoloJofofojo]l 1] a1 1[1]1]1
21 o]lolofo] 1] 1f1}j1]0[f0]JO)O] 1] 1] 1]1
31ofoflo] tjtf1]oloj1]1f1fojoOfoOf 1]T1
4 olofl1l1]o]jol1f1]ojof 1] 1]0]0Of] 1f1
slolo]1]1]o]1]1]o]l1]1]0]0]1]0]O0]1
6l ofo]l1lof1]1lof1f{ofof1]o0f 1] 1]0]1
710l 0] 1]of1]ol1lof1f1fo]1jo]1]0]T1
gloj1loj1]lol1]jof1]lo]1jfoO] 1[O] 1] 01
gl ofl1]ol t{o]1]lof1]l1lof 1{of1[Of 1[0
10l of 1ol 1] 1]o]l1}ofof1][ o] 1f1]0f 1] 0O
11]ol1]lolol1]lojol1j1jof1]1jo]1j1]¢0
12l 0l 1]l1]olo]l1]1lolof1f1jo[lO0]1]1]¢0
1310l 1] 1]olo]lol1[1[1fofo)] 1|f1]1]0] O
14 ol 1] 1} 1f1lojojofoj1j 1] 1]1}10]0] 0
1s] ol 1] 1] 1] 1] 1] 1}1]1/0f0]ofo0]o0foO]O
Table 6. Binary representation of products in Z,4 |

[0 0 0 0 0 0 0 O 1 11 1 1 1 1 1]
w®=lo 0 0o 0o 1 1 11 : 00 0 01 11
o0 1 1001 1 : 0011 00 1 1
010101 01 : 01010 0 1]

¢ 49) corresponds to Table 3.

3.2 Second Step

Suppose @, Zx D> Z,

o, (X =aXa=24-1€Z,1<a<2¥" -1  that s
a=21-15s1=23,....2"7. p_ is a group isomorphism which preserves the outer multiplication
operation such that
Ou (x+y)= a(x+y)= ax+ay= qoa(x)+(oa(y)
0g(ax)=alax)=alax)=apy(x) 5 aeZsk

0o =@ -
suppose 0, ( [a,,],, )= [0 (@), )] 0, € 2, . Then 0, (@)= a0 .
We assume Q) /Sl) = (019).
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7. R
ahz’ hazl
1 ) ‘
0 of)-0f-| |-
_ahzk—IJ —haqu
where the indices are taken using mod 2",
hy h,
oM =1 =
200 Y 200, 2am?) 2a0*)
C ]
H He
2o@)=w® = T ol K22 A=23..2"
H J Wk(:‘{l) Wk(fl)
B a2k

where Wl(” = [O 1] is the seed matrix. Looking at Figure 2, and by symmetry, we see that the rows
of Wk(‘) form an orthogonal set, which corresponds to the odd Wk(l) .

' )
w; Y4 W,

na 77,1 =77a—1

o , e

Figure 2. The correspondence between Wk(l) and Wk(’l)

The matrix W, k(’i) generates a set of orthogonal sequences, denoted by 5,9 ). Itis an isomorphism to

5,51) and consists of all linear combinations of the rows of Wk(’l) .
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The binary representation table of products in Z Nk contains elements of & ,E’) and zero row as well

as Wk(’” rows and only the following rows:

H )= H e+ H 4= 00 27

p (2 K+l ok
We note that if 7, does not exist in W%, it is replaced by H,, where o = t(mod 2k )

Theorem 1

The set of sequences W]Sﬂ) , A=2,.. .,2k_2 is equivalent to the set of sequences wo.
Proof
We take
| 0 WO > WPin (H, )= H i =0y~ 1
where a=21-1. 5, is injection and surjection and thereby is one-to-one correspondence
(bijection) and its inverse is 77;1 =1 1. \

Theorem 2

5,((’1) is isomorphism to fk(l).
Proof

Extend 77, to fk(l) as follows.

Hy,H, e&" =n,(H, +H,)=n,(H,)+n,(H,)

where the addition is taken modulo 2.

As illustration, we take k& = 4. Table 5 shows the products in AT and Table 6 shows the binary
representation for these products. We find

0 3 6 9 12 15 2 5 g 11 14 1 4 7 10 13]
0oP=0 6 12 2 8 14 4 10 : 0 6 12 2 8 1 14 10
0 12 8 14 0 12 8 4 : 0 12 8 4 0 12 8
0 8 0 8 0 8 0 8 ¢ 0O 8 0O & 0 8 0 8]
[0 0 0 1 1 1 0 O 1 1. 1.0 0 0 1 1}
wP=0 0 1 0 1 1 0 1 0 0 1t 0 1 1 0 1
0 1 0 1 1 0 0 1 0 0 1 1 0
0 1 0 0 1 0 1 0 1 0 0 1 0 1]
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0 000O0O0OO0OO0OOOOOOUOT OO

0 0 O

1

0 0 0
0

I 0 01 1 1
0 |
1

1

1

0 0

0 0

1

1

1 0 0

1

1

0 0

n+rn

0 001 11 00
0 1

1

htn

0

|

0 0 0 O

htr

0
0

0 0 1

0
0

v, +r

0

0 0
1
1

0

0 0

v, +r,

1 0 0 O

1
1

1
0 0
0

0 0 0 0

1

ntr

0 0
1

1

1 0 0 1

0

htr+r

0 0 0

Ko+, +r,

1 0 01 00

0 0

Kotr

01 0 0 0O
0 0 00 11

0

r,+ntr,

1 1 1
1

1
00 00 00

0 0 O

KA+t

&?

Similarly, we construct & 53) using

11

12

7

13 2

8

3

10 15 4 9 14

5

0

10 4 14 8 2 12 6
0 4 8 12 0 4 8 12
8 0 0 0 8

0

.........

10 4 14 8 2 12 6
0 4 8 12 0 4 8 12
8 0 0 0 8

0

.........

......

3 _
4

(3

Similarly, we construct & } 4) using
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0 7 14 5 12 3 10 1 8 15 6 13 4 11 2 9
oP=0 14 12 10 8 6 4 2 0 14 12 10 8 6 4 2
0 12 8 4 0 12 8 0 12 8 4 0 12 8
0 8 0 8 0 8 0 8 0 8 0 8 0 8 0 8
0 0 1 0 1 0 1 O 1 1.0 1 0 1 0 1]
w®H=l0 1 1 1 0 0 0 0 1 1 1 1 0 0 0
0 1 1 00 1 1 0 0 1 1 0 0 1 1 0
0 1L 0 1B 0 1 0 01 0 1 0 1 0 1]

The sets &, £, &) and £{*) are different from each other in spite of existing common
entries between them.

3.3 Third Step
(a) For o =24—1a>2"" -1, each of the constructed sets & is identified with one of the sets

1 2 2¢-2 .
,ﬁ), ,E)),..., ,E ). For example, when a =9, i.e. A =5, we find

0 9 2 11 4 13 6 15 8 1 10 3 12 5 14 7]

oP={0 2 4 6 8 10 12 14 : 0 2 4 6 8 10 12 14
0 12 8 4 0 12 8 4 * 0 12 8 4 0 12 8 4
0 8 0 8 0 8 0 8 : 0O 8 0 8 O 8 0 B8]
[0 1 0 1 0 1 0 1 1 01 0 1 0 1 O]
wo=lo 0 0 0 1 1 1 1 0o 0 0 0 1 1 1 1
0 0 1 18 0 0 1 0 0 1 1 0 0 1
0 0 1 0 1 0 1 0 1 0 1 0 0 1

The rows of W belong to & (" and thereby & (*) and & are identified. Similarly, &/’

and £ {*) are identified, and so on.

k
(b) For a even, we get orthogonal subsets of the sets & ,ﬁl) R ,52)) yeersl ,52 -
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4. Results

(a) Suppose Zm:{O,I,...,z""—I}z Z/mZ where m=2" and x:Z, ——){0,1} such that
;(({2""1,...,2" —1})=1, ;(({0,1,....,2"*1 —1})=0 and 4, is the row corresponding to ieZ, ,

X(h;) = H; is the binary representation of 4 and w k(l) is the matrix whose element are of Z,
where

o0 =

Hy
H21 Hl
) o)
Wl =| Hp =i, , k22, wh=[o 1]
: 1 1
wl o wl),
H Sk-1

generates Walsh sequences & of order 2% The rows of Wk(l) are identified in order on

R,,R,,R;, R, , Rademacher sequences of order .

(b) The binary representation of the multiplication table on Z,, contains, in addition to H, = R,,,
the sequences

H ,_ =H ;_ -
k=104 =H ket +Hop 5 -0
The number of Walsh sequences in the table is 2% .

(c) Suppose @, Z, > Z, .0, (X)=ax,a=21-1eZ, l<a<2*"' -1
ie, 4=23,...,2" and ¢, (@) = @’ . Then |

h
[24
h, ha ha
a)l(c/l): @ = e teeererer et araenn = cenen 9k>27 1—2’3’ ’22k_2
’ 1 . 1 A) A
h - 20{@[\(721 : 20{(01({21 2w]£_)1 : 260]((_)1

Suppose ;((a)lg’l)) = Wk(’l) . Then
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H
(24
H _; H
A 2 “
ng): N U D k22, 2=23.,2%77
w@) o @)
k-1 k-1
LH(lzk_l_

where W,¥ = [0 1]. @,, is one-to-one correspondence (bijection) between rows of a)](cl) and rows
of w}({ﬂ); and 17, : H; = H ,; is bijection between a),(cl) and W,V

The additive group £* generated from W, is isomorphism to ¢ [

(d) The binary representation of the multiplication table contains, in addition to the rows of Wk(’l)

and the zero row, only the following rows from 515’1)

_ - k_
HaZk_1+a2/1 —Hazk_l +Ha2,1 , 4=0,...,2 2.
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